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ABSTRACT 
The formation and evolution of heaps of granular material has in recent years received 
ever-increasing research attention. As with other aspects of the granular physics field, 
much of this attention has focused on the use of numerical simulations, including the 
discrete element modelling technique. Before advancements in computing technology 
made numerical methods a viable option, assemblies of granular materials were 
typically rather poorly characterised by a limited range of bulk properties, such as the 
angle of repose of a heap. Such properties were found to be rather insensitive to the 
characteristics of the individual particles and as such were of limited practical use as 
the basis for process design. Consequently, problems in granular materials storage, 
handling and flow were typically tackled using semi-empirical approaches relying on 
long experience of similar process situations. The availability of computing resources 
has resulted in the spawning of a widely diverse range of numerical simulation 
approaches for the solution of bulk solids handling problems. However, this 
development in itself has given rise to further problems. The poor characterisation of 
assemblies by bulk properties has made experimental confirmation of numerical 
simulation techniques difficult, and this is perhaps partly responsible for the 
injudicious use of inappropriate numerical techniques within the research community. 
By a systematic study of the mechanics of granular heaps using the discrete element 
technique, this dissertation establishes that the choice of mathematical model and 
model parameters at the heart of any numerical method is of crucial importance for the 
realistic simulation of granular assemblies. The angle of repose is established as being 
rather insensitive to most single particle properties. The dissertation establishes the 
usefulness of the granular dynamics simulation method by demonstrating how internal 
'microstructural' properties of granular heaps can be computed, and examines how 
simulation can complement relatively new non-invasive techniques for measuring 
such properties experimentally. Simulation and experiment are also used as the basis 
for a tentative mathematical model for the kinetics of segregation and stratification 
processes in poured heaps. 
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111f we knew what it was we were doing, 
it would not be called research, would it?" 
Albert Einstein 
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lntroducti.on 
Chapter 1 Introduction 
1.1. Industrial Perspective 
The storage and conveying of bulk solid material in heaps and stockpiles is of interest 
in a wide range of process engineering applications. The overwhelming majority of 
process industries are involved with the storage and handling of particulate materials, 
and the importance of good practice in granular solids handling for the world economy 
. can hardly be underestimated. Bulk solids handling issues span a vast range of scales, 
from batch operations involving a few kilograms of high added-value, speciality 
pharmaceutical products to massive continuous operations involving thousands of 
tonnes of throughput per day, such as in the coal industry. Storage and handling of 
granular materials in heaps, either as raw materials, intermediates or final finished 
products, is integral to many of these industries. Often the overriding aim of storage 
and handling operations can be stated very simply: the material leaving a storage 
facility should be of the same quality as that which is fed into the facility. 'Product 
quality' may, for example, be expressed in terms of the physical/chemical properties 
of the material or the particle size distribution. A storage facility may act as a buffer 
between continuous and batch phases of process operation - for instance if material is 
fed continuously into the facility and withdrawn in batches at intervals. Generally the 
aim is for consistency in the material passing downstream, be it for further processing 
or packaging, or as the supply to the customer. 
1.2. Research Techniques 
Design criteria for the storage and handling of industrial bulk solids have traditionally 
been addressed using empirical approaches, for example the Beverloo correlation 
(Beverloo et.al 1961) and the many subsequent modifications thereof (for example, 
Crewdson et.al 1977) for predicting the flow rates of granular materials through 
orifices. By continual refinement in the light of experimental approaches, such 
methods have gained a respectability in industry. Whilst recognising their undoubted 
usefulness as a starting point for design criteria, such approaches often have limited 
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predictive capacity beyond a narrow range of system parameters because they do not 
take into account effects at a microstructural level within the system. Empirical 
approaches are also restricted by the relatively narrow range of parameters (such as the 
discharge rate from a silo or the angle of repose of a heap) which can be measured 
routinely in experiments. One of the main thrusts of this dissertation is to show that 
such 'bulk' parameters are insufficiently discriminating to characterise granular 
assemblies . 
. Whilst analytical continuum techniques (for example, Janssen's differential force 
balance approach) have been of considerable use in hopper design, the very limited 
range of measurable 'bulk' parameters in granular heaps (the angle of repose or the 
distribution of stresses on the base) has severely limited their usefulness. Furthermore, 
whilst for example the stress distribution on the base may be of some interest for 
process design, and may allow inferences to be drawn about the state of the material 
within the heap, often it is hardly a crucial design criterion in the same way as the 
distribution of stresses on the walls of a hopper, which might be estimated using 
Janssen. An improved understanding of the formation mechanism and internal state of 
a granular heap is therefore a desirable aim, and requires a description of the system at 
the level of the individual particles. 
Often, the constitutive equations and/or the boundary conditions in continuum models 
are rather complicated and hence not amenable to analytical solution. In this case, the 
finite element method (FEM) is a potentially powerful numerical approach for the 
analysis of problems involving granular materials. A long history of intense study in 
the field of soil mechanics has resulted in a number of sophisticated continuum 
models for various granular materials. Such models can now be routinely implemented 
within general commercial finite element packages such as ABAQUS. However, as 
discussed in Chapter 2, there remains a lively debate in the literature over the 
usefulness of now-' standard' constitutive models for granular materials. 
Discrete element methods (DEM) have also proven extremely popular in recent years 
for the study of granular materials. Such methods are based on molecular dynamics 
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techniques devised to calculate transport phenomena of conventional fluids at the 
molecular level, with suitable modifications to reflect the inelastic and frictional 
nature of the interactions between elements. The principal feature of DEM is that it 
describes an assembly at the lengthscale of the individual particles. As such, the link 
between model and reality is made at a lower level than for continuum techniques. In 
principle, DEM approaches can be used in two ways: to simulate granular flows 
directly or as the basis for developing constitutive equations for use in finite element 
approaches. DEM computations are very demanding of computational resources . 
. Typically, DEM models are restricted to 104-105 particles, which is obviously many 
orders of magnitude lower than the number of particles in a typical industrial process 
(for example, a moderately sized industrial silo might hold 1012 or more particles). 
However, the advantages of explicitly modelling at the particle scale are considerable-
for example, parameters which may be difficult or impossible to measure 
experimentally are often computed routinely from DEM simulations. This dissertation 
focuses on the use of DEM to study the mechanics of formation of granular heaps. 
1.3. Overview of Dissertation 
Three main themes underpin the work presented in this dissertation: 
ｾｾ＠ an examination of the angle of repose of poured granular heaps and assessment of 
its usefulness as an indicator of particle properties and as a basis for process design 
0 an investigation of the microstructural properties of granular heaps - for example, 
the networks of contact forces within the heaps 
e an investigation of the size segregation behaviour of poured granular mixtures 
Following a general overview of research into the physics of granular material, 
literature specific to each of these themes is considered in Chapter 2. Many of the 
results of this literature are compared with simulations in later Chapters. The literature 
reveals a great extent of work on all of these areas, encompassing experimentation, 
theoretical constructs and numerical simulations. Widely diverse standpoints on 
fundamental issues, such as the distributions of internal contact forces and the 
segregation mechanisms of poured or agitated mixtures, are evident from this review. 
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Chapter 3 presents a more focused review of discrete element techniques, highlighting 
the wide diversity of different approaches. This Chapter establishes the basis for the 
choice of discrete element technique in this study. The arguments underpinning this 
choice are laid out in more detail in the first part of Chapter 4, following which is a 
detailed description of the mathematical model used in the project. Chapter 5 
describes how this model was incorporated into a working simulation strategy, also 
highlighting major developments to the model during the course of the project (such 
as particle size polydispersity and efforts to improve the computational efficiency of 
. the simulations). 
The principal simulation results are contained in Chapters 6-8, which examine each of 
the three major themes in tum. Chapter 6 looks at the angle of repose of poured heaps 
and . its sensitivities to material properties and process conditions. The avalanching 
. . 
behaviour of poured heaps, resulting in fluctuations in the angle of repose, is also 
considered. The main conclusion of this section of the work was that the angle of 
repose is not a particularly useful indicator of particle properties, as has often been 
suggested in the literature. On this basis, Chapter 7 examines the microstructural 
properties of poured heaps. The form of ､ｩｳ｣ｲｾｴ･＠ element simulation employed in the 
work is. especially suitable in that useful information such as the internal distributions 
of COJ?·tact force, velocity and voidage are routinely extracted from the simulations. 
These results reveal sensitivities to material properties and process conditions which 
are not evident from considering 'bulk' measurements such as the angle of repose. 
This is one of the fundamental principles underpinning the entire project; that a dense 
phase, 'slow shearing' granular assembly is only well characterised when one 
considers the microstructure of the assembly, i.e., activity at the lengthscale of 
individuat' particle . diameter. Chapter 8 examines segregation in poured granular 
mixtures, assessing how material properties and process conditions influence the 
natural tendency of particles of various sizes to separate in distinct regions of a heap. 
Chapter 9 concludes with a review of the most significant results and looks at possible 
future developments in the field. 
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Chapter 2 
2.1. Introduction 
Review of research to date on granular media and 
heap formation 
.. - ----------·· ·---··- -1 
The size, shape and stability of granular heaps, and the dynamics of their formation, 
are some of the many issues of importance to the physics of granular media. This 
chapter deals with these issues. In the following sections, the research into granular 
· media is outlined, concentrating on those areas that are of most relevance to the 
present study. 
There have been many investigations into the angle of repose, 8, of granular heaps, 
focussing on the relationship between 8 and material properties and flow 
characteristics of the bulk solids. Research on the internal force networks within 
granular materials has been carried out and is reviewed herein. Particle size 
segregation, which is an area of particular interest to industry, is considered in this 
Chapter. Avalanching in granular heaps has also attracted attention, because of its 
importance to the fundamental dynamics of granular media. Also reviewed are the 
implementations of discrete element particle simulation (occasionally adopting a 
similar approach to that of the current study) to a range of specific handling conditions 
involving granular flow, such as flow in hoppers, flow along inclined chutes and the 
formation of heaps. 
2.2 Overview of investigations on the physics of granular media 
The numerous review articles in the literature, both on the basic physics of granular 
media (for example, Jaeger and Nagel 1992, Meakin and Skjeltorp 1993 and 
Jaeger et.al 1996), and practical granular solids handling issues (for example, 
Williams 1976, Fan et.al 1990) is testimony both to the rich phenomenology of 
granular systems and to the importance of these issues to industry and academia alike. 
The transportation, processing and storage of granular materials is a central feature of 
many process industries. Furthermore, the dynamic behaviour of a granular assembly 
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such as a pile of sand is often used as a model for the behaviour of a wide range of 
natural systems, as diverse (and apparently unrelated) as landslides, the emission of 
radiation from quasars, snow avalanches, earthquakes and the fluctuations in financial 
markets. 
Research into granular media covers many issues and areas of concern, which include: 
Packing 
. The packing characteristics of granular materials has received much attention and 
packing has emerged as almost a subject in its own right- see, for example, German 
(1989). Issues of packing during storage and conveying of materials in the process 
industries are of obvious importance - variations in packing fraction (for whatever 
reason) lead to fluctuations in the bulk density of a granulate. This means that equal 
volumes of granulate do not contain equal mass, which has implications for 
downstream processes such as packaging or tabletting. Packing considerations are also 
of importance for the onset of flow of granular materials. As first noted by 
Reynolds (1885), flow or deformation of a granulate is always preceded by dilation, in 
order to make room for grains to pass each other. 
Stresses within granular assemblies 
Understanding the internal stresses within a granular assembly is vital, otherwise in 
handling or processing, stresses caused by the self-weight of the assembly or by the 
process can lead to unforeseen effects such as settlement, caking or breakage of 
particles. 
Flow 
The dynamics of granular flow in (for example) heaps, hoppers, chute flow, vibrated 
beds and flow through apertures of various shapes, are extremely diverse and 
descriptions of the basic granular flow mechanisms are quite diverse in their basic 
premises. For example, there are continuum mechanical descriptions, statistical 
descriptions based on the kinetic theory of gases, and (for denser systems) approaches 
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which rely on a microstructural description of the assembly at the scale of the 
individual particles. 
The techniques for investigating the properties of granular media include: 
Experimental methods 
A wide range of experimental techniques have been used to focus on properties such 
as the flow profiles, packing characteristics and force transmission pathways . 
. Significant and diverse experimental effort has been expended on the non-invasive 
visualisation of granular assemblies, using techniques such as the use of radioactive 
' tracer' particles (Harwood 1977), dyed particles for visual inspection (Knight et.al 
1993), polarised light to highlight particles under strain (Liu et.al1995), stroboscopic 
photography and image processing (Duran et.al 1994a), X-ray imaging (Baxter et.al 
1989), magnetic resonance imaging (Ehrichs et.al 1995), imaging by detecting 
positron emitters (Parker et.al 1997) and gamma-ray tomography (Langston et.al 
1997). Experiments also play a major role in the development of continuum, statistical 
and microstructural descriptions of packing and flow mentioned above. 
Computer simulation 
In recent years, developments in computing technology have led to a marked increase 
in the use of numerical simulation techniques for the study of granular systems, and 
computer simulation forms the basis of the present study. The general advantages and 
disadvantages of computer simulations are discussed in Chapter 1. A diverse range of 
methods for simulation of granular media are available and these are described in this 
Chapter and in Chapter 3, where the discrete element methods (DEM) are analysed in 
further detail. 
As noted by Savage (1997), granular media have long been of interest to several 
different research communities, notably in the areas of applied mechanics, 
geotechnical and chemical engineering, materials science and geophysics. More 
recently, the subject has emerged as a research topic for the physical science 
community, especially to illustrate general principles of wider significance in applied 
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mathematics and physics. The increase in interest in the latter is undoubtedly a factor 
in the new popularity of granular media. Savage (1997) highlighted a potential 
problem in this new trend in that it seems that different communities are insufficiently 
aware of the existing state of knowledge and often rediscover observations and 
theories that are well known in chemical engineering and other more mature 
disciplines. Nevertheless, the increasing interest in this field is to be welcomed as it 
undoubtedly accelerates the advances in knowledge by the introduction of new 
approaches of analysis. 
The following sections discuss three areas of research into granular media that are 
particularly relevant to granular heap formation, and which are also investigated in the 
present study. They are (a) the angle of repose - its relationship to particle properties 
and its fluctuation during feeding, (b) internal force networks within heaps and (c) the 
segregation of granular media. 
2.3. The angle of repose 
2.3.1. Relationship to particle properties 
There is a large literature on the angle of repose (AOR) and its relationship to material 
properties and the flowability of granular solids. The concept of the AOR is readily 
appreciated at a superficial level, but it is a surprisingly subtle phenomenon, and it is 
important to define the term rigorously. As is illustrated below, the AOR depends on 
the method of measurement. There are further complications in that some authors, 
such as Jaeger et.al (1989) discriminate between the AOR (the natural 'rest' angle of a 
granular heap) and the higher 'maximum angle of stability', the latter being the angle 
that must be exceeded before avalanches spontaneously take place on the surface of 
the heap. The physics community have attached much significance to this difference, 
especially with reference to the model of self-organised criticality (see Chapter 3.2). In 
practice, there is some evidence to suggest that the stable AOR varies slightly for 
repeated experiments under identical conditions. The results in the literature tend to 
lack statistical rigour and the difference (if any) between the AOR and maximum 
angle of stability is small. Consequently, it is impossible to tell whether variations in 
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the measured AOR are due to genuine variations in assembly macro-structure or to 
random errors in the measurements. 
The AOR is related to the material's internal angle of friction (IAF) in continuum 
descriptions of granular media (see, for example, Nedderman 1992) which is based on 
the elementary analysis of Coulomb (1776). The Mohr circle (Figure 2.1) describes 
the combinations of shear and normal stresses that can exist on the planes through any 
point in a bed of material. For idealised materials, the relationship between shear and 
. normal stresses at incipient failure is given by the Coulomb line: 't ］ｾ｡Ｋ＠ c where !J. 
and care material properties (the coefficient of friction and the cohesion respectively). 
The IAF of a cohesionless material is given by: tan <j>=!J.. Figure 2.1 shows the Mohr 
circle and Coulomb line, which defines the Mohr-Coulomb failure criterion. The 
Coulomb line sets the upper limit on shear stress on any plane before failure occurs; 
for cohesionless materials, this takes the form 't=!J.O. The line can lie completely above 
the circle, as in Figure 2.1 a, in which case the material is in static equilibrium. The 
Coulomb line cannot intersect the circle, as to reach such a stress state would 
inevitably involve plastic failure. Thus, in the limiting case (Figure 2.1b), the line is 
tangential to the circle. The material is then in a state of 'incipient slip' along a plane 
whose orientation is given by the position on the circumference of point A. In these 
circumstances, the Coulomb line is termed the internal yield locus (IYL) of the 
material. The gradient of the IYL is (tan <j>), i.e., the coefficient of internal friction. 
Now, consider a heap of granular material, as in Figures 2.1c and 2.1d. Clearly, if the 
heap is inclined at a greater angle than the IYL, as in Figure 2.1 c, there are planes 
within the heap where slip occurs, and hence the heap is unstable. Conversely, the 
heap in Figure 2.ld is stable. The limiting case is where the IYL and the free surface 
are at the same angle. Thus, the 'angle of repose' (in fact, the maximum angle of 
stability) is equal to the IAF for an idealised, cohesionless material. 
Engineers often equate the AOR and IAF, although this lacks widespread support 
from experimental studies. There are at least two definitions of the AOR. The 'static' 
AOR is usually defined as the angle with the horizontal taken up by a stable heap of 
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(a) (c) 
, ·' 
Coulomb .. 
(b) (d) 
IYL 
IYL 
cr 
Figure 2.1: The Mohr-Coulomb failure criterion and the angle of repose 
(a) material in static equilibrium; (b) material in &limiting equilibrium' (internal yield 
locus tangential to Mohr circle); (c) unstable granular heap (angle of repose greater 
than angle of internal friction); (d) stable heap (angle of repose less than angle of 
internal friction) 
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granular material. The 'dynamic' AOR refers to the same construction for the material 
in continuous motion, such as in a rotating drum. A further complication, as 
mentioned by Brown and Richards (1970), is the sensitivity of the static AOR to the 
method of measurement. Teunou et.al (1995) describe the various measurement 
techniques, which include (a) discharge from a hopper onto a flat surface and 
.measuring both poured and drained angles, (b) gradual tilting of a box, (c) the rotating 
drum technique, (d) vibrating a granular assembly and (e) pouring material onto a flat 
plate. The angles of repose measured using these different techniques have been 
. widely reported and there are often considerable variations in the values obtained for 
the same material. Brown and Richards (1970) measured the AOR for a wide range of 
materials by (a) pouring onto a conical heap, (b) draining a cylindrical vessel through 
a circular orifice, (c) assembling powder on a ledge (i.e., by placing the material in a 
rectangular box and.removing one side wall), and (d) the dynamic AOR in a rotating 
drum. There were considerable differences in the measured values for each material. 
Therefore it can be concluded that the AOR is not exclusively determined by bulk 
material properties, it depends on the geometry and method of formation of the 
granular assembly. This indicates also that processes specific to the surface region of 
the heap are important in determining the·value of the AOR. 
Frydman (1974) investigated the AOR ·of potash pellets, and sh<?wed how the AOR is 
an important practical parameter in bulk solids transportation. The pellets were to be 
transported by sea and if the maximum angle of the hold surface due to sway exceeded 
the AOR of the material, the ship's stability would be jeopardised due to large-scale 
bulk movements of material within the hold which would ensue. The poured and 
dynamic angles of repose (18° and 26° respectively) were cOJ;npared with the internal 
angle of friction, which was found from shear cell experiments to be 39°. Frydman 
suggested the differences to be due to different mechanisms of failure in the surface 
region compared to within the bull<. The material could fail either by particles rolling 
down the face of the heap (as likely in pouring), or by block sliding of bulk regions of 
the heap (as in a shear cell). This work clarifies that the Mohr-Coulomb analysis 
presented above, and hence the equivalence of the angles of repose and internal 
friction, are only valid for those materials where failure occurs via sliding in the bulk. 
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In general, failure by rolling near the surface occurs more readily and so the AOR is 
typically less than the IAF. Particle size, shape and surface roughness effects 
obviously have a significant influence on the likelihood of rolling rather than sliding. 
For example, an assembly of relatively large, smooth, cohesionless spheres is very 
likely to fail by rolling rather than sliding. 
The analysis thus far refers to cohesionless particles, which is often a reasonable 
approximation if the particles are relatively coarse (size > lmm). For finer particles, 
. cohesive interparticle forces are likely, and the intercept of the IYL in the Mohr-
Coulomb analysis is non-zero. Referring once again to Figures 2.1c and 2.1d, the free 
surface of the heap must intersect the Mohr circle for the heap to be stable. The 
equivalent Mohr-Coulomb diagrams for a cohesive material are presented in Figures 
2.2a and 2.2b. One can define an apparent IAF, <Papp' analogous to the apparent 
viscosity in non-Newtonian fluid rheology. The apparent IAF is the gradient of the 
'apparent' IYL of the material at a given level of consolidating stress (Figure 2.3). The 
'true' IYL is given by : 
't = c + a (tan cp r ) (2.1) 
where <Pr is the true internal angle of friction. The apparent internal angle of friction is 
given by the gradient of the apparent IYL, i.e., 
<l>app =tan -
1 
( :) (2.2) 
hence combining (2.1) and (2.2) yields: 
<l>app =tan -
1 (: + tan<J>r) (2.3) 
It is reasonable to suppose that the apparent IAF is the limiting AOR of a heap of 
cohesive material, if one assumes that the true IAF is the limiting AOR for a 
cohesionless material. Clearly, the limiting AOR <<Papp) can exceed the true IAF. The 
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(a) 
,\ , . 
(b) 
IYL 
' 
' 
' 
a 
IYL 
.... 
a 
Figure 2.2: Internal yield loci and Mohr circles for ideal cohesive materials 
(a) unstable heap- angle of repose exceeds 'effective, or 'apparent' internal angle of 
friction; (b) stable heap- angle of repose sufficiently low 
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effect of the true IAF (<Pr) depends on the value of its tangent relative to the term (c/cr). 
If the material is highly cohesive and/or the consolidating stress is very low, the 
limiting AOR is likely to greatly exceed the true IAF. Most importantly, the difference 
depends on the level of consolidating stress. Under low consolidating stresses, the 
limiting AOR may be considerably higher, whereas the difference between the two 
disappears in the limit of high consolidating stress. 
It is widely reported in the literature that cohesive materials form heaps with the 
. highest angles of repose. A possible solution to the problem of shipping potash pellets 
was found by lightly spraying with moisture (Frydman 1974). This increased the AOR 
of the pellets by a considerable margin. Moisture is thought to cause liquid bridges to 
be formed between particles, leading to considerable enhancement of interparticle 
forces. 
Teunou et.al (1995) performed a range of experiments to investigate the AOR of 
several materials. The AOR of sugar particles was measured for sizes varying from 
40 to 1250 J.tm. The cohesion and IAF of these particles was measured in shear cell 
experiments. There was considerable cohesion of fine particles, for which the AOR 
greatly exceeded the IAF. The cohesion and AOR decreased with increasing particle 
size, whereas the IAF was seen to increase. Thus, they concluded that the 'traditional' 
equivalence made between AOR and IAF was erroneous - not only did the angles 
differ, but they also evolved differently with particle size and levels of cohesion. 
In summary, the AOR does not and cannot exceed the IAF if the material is 
cohesionless. The AOR of poured heaps is generally considerably lower than the IAF 
(depending on whether the heap fails by rolling or sliding). For cohesive materials, the 
AOR exceeds the IAF, depending on the levels of cohesion and consolidating stress. 
The AOR has also been used as an indication of the flowability of granular materials. 
Carr (1965) attempted to relate powder flowability to a number of parameters, 
including AOR. He suggested that an angle of less than 35° characterised free-flowing 
powders, and angles above 55° were indicative of more limited flowability. However, 
Page 15 
Review of research to date on granular media and heap formation 
others such as Jenike (1964) were highly sceptical of this use of the AOR, suggesting 
that its popularity was more to do with the ease with which it could be measured than 
its usefulness. Whilst Carr's findings are often confirmed by experiment, there is some 
element of truth in Jenike's observations. The flowability of a powder can only be 
related to the shear stress that it can sustain under loading, z'. e. its yield locus, which in 
tum is a function of its cohesion and IAF. Materials with a low IAF and low cohesion 
will sustain the least shear stress at a given normal load, hence will fail most readily 
and be most free-flowing. From the above discussion, the apparent IAF of these 
. materials will be low, hence these materials are likely to assemble in quite shallow 
heaps. However, the measured AOR of a heap is more likely to give an indication of 
the level of cohesion in the material rather than its internal angle of friction, especially 
so because the consolidating stress (due to self-weight only) is quite low. If the 
material is effectively cohesionless, it is unlikely that the AOR gives a reliable 
indication of flowability. 
2.3.2. Fluctuations in angle of repose during feeding 
The variation in the angle of repose as it is assembled, and as the heap relaxes, has 
been seen as revealing fundamental principles of dynamics of granular media, and this 
has led to a lively debate on the issue. Brown and Richards (1970) noted that there 
appeared to be a 'critical' angle for any given powder; attempts to form a heap with a 
steeper angle of inclination resulted in collapse of the structure. The concept of 'self-
organised criticality' (SOC) (Bak et.al1987, 1988a, 1988b, 1991) was later introduced 
to describe the dynamic behaviour of multicomponent systems - for which a 'sandpile' 
was seen as a macroscopic metaphor. The central principle of the SOC model is that, 
in a multicomponent system, the effect of a minor perturbation can be anything from a 
microscopic shift to a system-sized disturbance (the effect of perturbation being 
termed an 'avalanche' in the sandpile analogy). Furthermore, the SOC state is the 
'attractor' for the dynamics of such systems - following a disturbance, such systems 
inevitably return to the SOC state before relaxing once more. The implications of this 
work on the fluctuations in angle of repose are straightforward - the studies predict 
that there is a single critical angle of repose, which when exceeded results in a 
relaxation of the heap back to some lesser angle - on continued feeding, the heap 
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should repeatedly relax at the same critical angle. Most importantly, the system is 
considered to be completely stable until the critical angle is reached, at which point 
the system immediately becomes unstable. It should be emphasised that the authors 
have used the term "sandpile" as a macroscopic metaphor for a wide range of dynamic 
systems, and that the principal aim of the work was to identify fundamental physics on 
indeterminate lengthscales. The terminology is, in light of work carried out on real 
sandpiles, rather misleading and unfortunate . 
. Justification of the SOC model was based entirely on the results of cellular automata 
(CA) simulations. InCA, the system is represented by a lattice of nodes; the state of 
the system at each node (e.g. the height of a heap at a given point) is represented by, 
for example, an integer variable. In a given model, there are simple dynamical rules 
for the interaction of these nodes (see Chapter 3.2). It is appreciated that this may be a 
useful approach for modelling multicomponent systems in a generic sense. However, 
any correlation between the models used by Bak et.al and the 'real' dynamics of 
granular heaps is highly questionable. A range of experiments were performed on real 
heaps to test the SOC model. Jaeger et.al (1989) investigated the avalanching of a 
heap in a rotating drum. They found that avalanches occurred at well-defined intervals 
and were generally of a well-defined size. SOC predicts that both the size and 
frequency distributions of avalanches should exhibit power-law behaviour; the range 
of avalanche sizes and lifetimes was much narrower than predicted by SOC in this 
experiment. The regularity of avalanches was taken to indicate that there are in fact 
two critical angles of inclination; the natural angle of repose Sr and a higher maximum 
angle of stability em. As the heap grows, avalanching does not occur until em is 
reached, at which time the heap relaxes to an angle er. Below er the heap is completely 
stable, between 8r and em the heap is metastable, and only above em does the heap 
become unstable. This is markedly different from the prediction of SOC that there 
should be a single critical angle marking the boundary between stability and 
instability. The difference 6 between the two critical angles is well-defined, and was 
found in many cases to be approximately 2°. Held et.al (1990) formed small heaps by 
very slow feeding onto a platform, and found avalanche distributions by measuring the 
total mass of material on the platform very sensitively (the sensitivity of the balance 
Page 17 
Reyiew ofresearch to date on granular media and heap formation 
could resolve the mass of a single grain). They found evidence of SOC-like behaviour. 
However, later analysis by Jaeger et.al (1991) showed that if the heap was small as in 
these experiments, the addition of a single grain could increase the angle of repose 
from less than 8r to greater than em, giving an illusion of critical behaviour. This 
evidence casts doubt on self -organised criticality in real granular heaps and the 
.situation remains unresolved. 
2.4. Force networks in granular systems 
· 2.4.1. Overview 
The contact forces in poured heaps reveal a considerable inhomogeneity in the 
magnitude of these forces which may lead to considerable fluctuations in flowability 
and product quality of bulk solid material stored in stockpiles. The research on forces 
. . 
. . 
in heaps falls into two broad categories; that relating to the force on the supporting 
base of a heap and that relating to the forces at particle-particle contacts within the 
heap. The former has been of interest to civil, structural and geotechnical engineers for 
many years, in relation to the design of engineering structures such as embankments or 
dams. More recently, the revival of interest in granular media within the applied 
mathematics and physical science communities has led to a number of new theories 
｣ｯｮ｣･ｾｩｮｧ＠ force distributions on the base. Issues of. the ｩｾｴ･ｭ｡ｬ＠ contact force 
distribution have received relatively little attention in comparison, possibly because of 
the difficulty of measurement, although · there also appears to have been a recent 
revival in this subject. The current literature indicates that much remains to be 
understood about forces within heaps, and that there is a considerable spread of 
opinions of researchers in the field. The following sections 9iscuss each of the two 
areas separately. 
2.4.2. Internal contact forces 
The internal contact force distribution within a granular assembly is difficult to 
determine experimentally. One of the main advantages of granular dynamics computer 
simulations is that such distributions can be obtained directly from simulation data and 
are necessary to evolve the granular assembly. Nevertheless, a considerable body of 
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experimental work on the internal stress distributions has been carried out. This has 
mostly been based on the photoelastic properties of certain granular media. Dantu 
(1957) showed how photoelasticity could be used to visualise contact forces in 
assemblies in a qualitative way. Drescher and de Josselin de Jong (1972) showed that 
there was heterogeneity of contact forces in two-dimensional granular assemblies, 
with preferential loading of certain particles along well-defined chains of force. Their 
work involved relating the average stress tensor within a small element of a granular 
assembly to the individual contact forces within the element. Later, Allersma (1982) 
. developed a 'polariscope' to measure the average stress tensor, and hence derived 
"stress maps" for static three-dimensional assemblies. Shukla and Damania (1986) 
used a similar approach to visualise dynamic stresses and load transfer in flowing one-
and two-dimensional arrays. More recently, work has begun to appear on the 
visualisation of stresses in three-dimensional flowing assemblies (Miller et.al (1996), 
Behringer and Miller 1997). For static assemblies, direct measurements of individual 
contact forces using similar experimental techniques (Liu et.al 1995), numerical 
simulations and theoretical modelling (Coppersmith et.al 1996) have led to a simple 
model for the distribution of internal contact forces. In this model, the weight on a 
grain is distributed randomly and unevenly to the supporting grains, due to the 
inhomogeneity of packing. This leads to a distribution law of contact forces in which 
the probability function, P, of contact forces of strength w is given by: P(w)=Ce-Aw, 
where C and A are constants for a given material. Radjai et.al (1996) performed 
numerical simulations of granular assemblies subjected to a confining load. The 
results gave the same distribution for strong contact forces (higher than the mean 
contact force in the assembly), but they found a separate power-law decay for weak 
contact forces. If <w> is the mean contact force, they found P(w)=C'(w/<w>)a, where 
C' and a are constants, for w less than <w>. This leads to the interesting (and 
plausible) suggestion that the networks of weak and strong forces are essentially 
decoupled- that the 'weak' contacts experience little of the external load. For the case 
of poured heaps where the loading is due to self-weight only, it is perhaps reasonable 
to suppose that such 'weak' contacts would bear essentially no load at all. The 
distribution of contact forces for simulations in the present study is examined in 
Chapter 7. 
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2.4.3. Forces on the base 
Experimental studies 
Much of the work on forces in heaps has concentrated upon the distribution of forces 
on the supporting base, leading in some cases to inferences about the internal contact 
force distribution. Research in the field encompasses experiments, discrete theoretical 
modelling, continuum modelling and numerical simulation. 
There has been a surprising lack of experimental investigation in the area; perhaps 
. even more significantly, there appears to be a lack of awareness among researchers 
about much of the limited degree of experimentation that there has been. Most of the 
recent modelling work relies heavily for confirmation on the experimental 
observations of Smid and Novosad (1981), who found that the pressure on the base of 
a heap of bulk solids exhibited a local minimum in normal stress below the apex. 
Much has been made of the notion that this minimum is "counterintuitive" and that 
one might expect the stress on the base below the apex to be a maximum. However, as 
illustrated in a review by Savage (1997), stress dips belqw heaps are not always 
observed in experiments. For wedge-shaped heaps, Hummel and Finnan (1920), 
Trollope (1956) and Lee and Herrington (1971) found either a peak in stress below the 
apex or a barely perceptible dip (a few percent of the peak stress, compared to much 
deeper dips in the work of Smid and Novosad). Experimental work by Trollope 
(1956), van R.Maris (1968) and Lee and Herrington (1971) suggested that the nature 
of the supporting base was a vital parameter for the stress distribution. Generally, if 
the base was rigid (i.e., did not sag under the weight of material), peaked stress 
distributions were found. However, very small deflections of the base led to a marked 
change in the stress distribution, resulting in a stress dip. It is not made clear in the 
work of Smid and Novosad (1981) whether the supporting surface deflected. 
Thus, there appears to be considerable uncertainty over the stress distribution beneath 
granular heaps. Nevertheless, most of the recent modelling and simulation work has 
been based on the premise that stress dips do occur. Recent experimental work by 
Brockbank et.al (1997) on three-dimensional heaps supports this view, but once again 
it appears likely that some sagging of the supporting base did take place. The stress 
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distribution below a heap of glass beads was found by forming the heap on top of a 
layer of steel balls and measuring the contact diameters of the steel balls on an 
elastomeric substrate. 
Analytical studies 
Analytical methods for analysing the force distribution on the base of granular heaps 
can broadly be divided into continuum and discrete techniques. In the former, the 
stress fields within the assembly are computed using principles of static equilibrium 
.(i.e., stress continuity). However, these principles alone mean that the system of 
equations is indeterminate; a further constitutive relationship is required to close the 
system. Traditional continuum relationships include elastic, Mohr-Coulomb rigid-
plastic and elastic-plastic models. These and many others form the basis of modem 
finite element computer codes. However, it has recently been suggested that such 
relationships do not give rise to realistic base force distributions and that an alternative 
closure is necessary to do so. 
Wittmer et.al (1996, 1997) adopted a simple assumption called the fixed principal 
axes (FP A) approach which produces a stress dip in a continuum treatment. FP A 
assumes that the principal stress axes have a fixed angle of inclination to the vertical. 
This means that the principal stress directions (but not their magnitudes) for material 
elements remain "frozen" when the elements are buried within the heap, irrespective 
of the increasing magnitude of normal load on addition of extra material onto the 
heap. The model contains no adjustable parameters (the only parameters within are 
directly related to the angle of repose) and yields stress distributions on the base in 
close agreement with the experimental results of Smid and Novosad (1981). 
The macroscopic physics of FP A is that of an arching model, in many ways 
resembling the model of Edwards and Oakeshott (1989) and Edwards and Mounfield 
(1996a, 1996b, 1996c). The arching model proposed that local arches form which 
sustain the mass of material constituting the arch (see Figure 2.4a). The angle (3 of the 
arches is different to the angle of repose a because individual grains shed their load 
unevenly on supporting grains (see Figure 2.4b). A serious weakness of the arching 
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model is that it grossly overpredicts the stress dip beneath the apex; it predicts that 
there is zero normal stress in this region (see Figure 2.4c). The arching model 
corresponds exactly to a special case within a more general framework previously 
developed by Trollope (1968). This "clastic" (meaning fragmentary, block-like) model 
divided a granular heap into a number of discrete regularly-shaped blocks. The blocks 
were assumed to pack systematically into groups called "systones"; the heap consisted 
of a number of regions of systones in various arrangements. The clastic model 
contained two adjustable parameters which described the geometry and load 
.distribution within systones. The distribution angle 8 was equivalent to the angle f3 in 
the arching model. The arching parameter k could vary between zero and unity, the so-
called "full arching" and "no arching" conditions respectively. The base force 
distributions for these two cases are illustrated in Figure 2.5. The distribution could 
show a dip or plateau depending on the value of k; the full arching case corresponds 
exactly with the arching model of Edwards et.al. Trollope observed that boundary 
conditions influence the value of k, although his observations appear to contradict 
experiment. He suggested that a flat or convex surface tended to give no arching 
conditions, whereas a concave surface was associated with full arching. The transition 
between no arching and full arching occurred with very small base deflections. As 
mentioned previously, experiments agree with the latter point but indicate stress dips 
(hence arching) for small convex surface deformations and peaked stress distributions 
(hence no arching) for flat, rigid surfaces. 
(a) (b) 
z 
(c) 
Figure 2.4: Arching model for granular heaps. 
Adapted from Edwards and Mounfield (1996) 
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The concept of arching underlying the FPA, Edwards et.al and Trollope is clearly 
consistent with certain experimental results for the stresses beneath granular heaps. Of 
these models, the clastic model seems the most general and is capable of reproducing 
the widest range of experimental observations, although it does contain two adjustable 
parameters. Much recent debate has centred on the FPA model, most importantly the 
claims of the authors to have "embodied ... the model of arching within a fully 
consistent continuum theory" (Wittmer et.a/1996). Watson (1996) reported the range 
.of reaction to the work, which ranged from astonishment at the "miraculous" 
agreement with experiment to outright scepticism. Admitted! y, the absence of 
adjustable parameters in the model is one of its strengths, but the FPA "closure" 
hardly represents a constitutive relationship in the sense of an elastic or Mohr-
Coulomb assumption. The underlying mechanics behind the FP A assumption is far 
from clear. Neither does the FP A model appear to embody as wide a range of 
experimental results as, for instance, the clastic model. Whilst the underlying physical 
principles of FP A are intuitively appealing, the results seem insufficiently general. 
Savage (1997) noted that for specific values of k and e, Troll ope's analysis yields 
exactly the same results for the stress components in a two-dimensional wedge as does 
the FP A model. Furthermore, Savage suggested that one could assume many forms of 
solution based on elastic or Mohr-Coulomb behaviour for the active case (where the 
principal stress is predominantly vertical) and obtain stress dips on the base. This 
leads one to suppose that the FP A model, whilst embodying plausible macroscopic 
physics for heaps, does not provide a fully general description of the behaviour of 
granular materials, as suggested by its authors. 
Cantelaube and Goddard (1997) have recently explored the notion that standard elasto-
plastic continuum descriptions of granular media may be used to explain the stress 
distributions on the base. Whilst on a rather different fundamental basis, their findings 
resemble those of Trollope in several important respects. There are two regions in the 
heap, each with separate expressions for the stress distribution. The material behaves 
elastically towards the centre with a plastic zone near the free surfaces. The model 
contains an adjustable parameter, the angle 'Y of the elastic-plastic boundary with the 
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vertical, as opposed to that of the free surface () (see Figure 2.6). The physical 
significance of this adjustable parameter is unclear; this represents one limitation of 
the model. 
A 
no arching, k=1 
B ¢ B 
normal 
stress 
shear 
stress 
A 
full arching, k=O 
Figure 2.5: Distributions of normal and shear stresses on the base of a granular 
'wedge, according to the clastic model of Trollope (1968) 
The work of Hong (1993) and Huntley (1993) used discrete theoretical treatments to 
establish the contact forces on individual grains for idealised packing geometries. 
Hong (1993) found that the force on the base should be uniform in the case of a 
perfectly packed two-dimensional pile. Huntley (1993) extended the analysis to 
include piles with a regular array of vacancies in the 2D pile, again finding uniformity 
in the base forces. These treatments adopted very simple models, for instance friction 
did not form part of the analysis, nor did random packing. It was concluded that 
fluctuations in the base stress in real heaps must be due to these features absent from 
the model (friction, random packing or three-dimensional effects). 
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plastic 
zone 
elastic 
zone 
Figure 2. 6: Elastoplastic description of a granular heap, from: 
Cantelaube and Goddard (1997) 
Numerical simulations 
There is relatively little work in the literature on the use of discrete .element methods 
(DEM) to model the stresses on the base of a heap. As mentioned above, some finite 
element analysis (FEA), based on several different constitutive models, has been 
performed. Savage (1997) noted the importance of "deformability" of the base in order 
to produce stress dips in several of these calculations. Liffman et.al (1992) performed 
a DEM analysis of the forces in heaps, . and compared the results with a discrete 
theoretical model very similar to that of Hong (1993). The results of the DEM code do 
appear to show that lines of maximum normal force are inclined more steeply to the 
horizontal than the free surface itself which is what is predicted in the arching model 
of Edwards et.al mentioned above and found in the present study (see Chapter 7). The 
discrete theoretical model failed to predict this effect. However, the authors also 
developed a 'contip.uum limit' model, similar to the discrete model except that the 
elements were assumed to be infinitesimally small. This resulted in principal lines of 
force inclined more steeply than the free surface, and gave a base stress distribution 
rather similar to that for the Trollope k=1 (no arching) model, and one of the solutions 
of the model of Goddard et.al, with a plateau in the base stress in the central region. 
Unfortunately, little physical reasoning was offered in support of either the discrete or 
continuum limit models. Later (Liffman et.al 1994) the same authors introduced an 
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additional horizontal force into their discrete model (making it resemble the Trollope 
model yet more closely) and found a stress dip under certain conditions. The DEM 
results offered in support of the findings are rather unconvincing in that the assemblies 
are extremely small-scale (a few tens of particles in most cases). The results could 
undoubtedly be improved by increasing the scale of the simulations. 
2.5. Particle segregation in granular systems 
2.5.1. Overview 
Particle size segregation in granular materials has been an important issue in bulk 
solids handling for many years (see, for example, Brown 1939). Williams (1976) 
reviewed the importance of segregation for the process industries. Size segregation is 
important in many unit operations involving shearing (mixing, stirring or pouring), 
and is also found when the material is subjected to external vibration. This may be 
intentional (for size separation) or accidental, for example caused by heavy equipment 
or machinery in use near to where bulk solids are stored or handled. 
The consequences of segregation are considerable. In sampling from a large quantity 
of granulates, one must take into account the possibility of size segregation. 
Otherwise, it is extremely unlikely that the material in the sample will be 
representative of the bulk. The effects of size segregation must be considered in 
packaging or tabletting operations as bulk density fluctuations caused by segregation 
mean that equal volumes of granulate do not necessarily contain equal mass. This is 
especially important in the pharmaceutical industry when pills are required to contain 
levels of active ingredients within tightly specified limits. 
Campbell and Bauer (1966) reviewed the importance of segregation in the process 
industries, with emphasis on mixing. At the time it was believed that a perfectly mixed 
(random) state was achievable, given sufficient mixing time. Campbell and Bauer 
provided experimental evidence to show that this was not the case. During mixing 
processes, natural size segregation to some extent resists the increase in randomness 
which is the objective of the mixing operation, and the best achievable result is a 
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balance between mixing and segregation effects. Campbell and Bauer investigated the 
factors influencing segregation. They concluded that in general, particles in mixers do 
not move randomly; various physical factors override any tendency toward random 
motion. Relative particle size was found to be the most important parameter while 
shape and density were found to have little effect in comparison. They found a natural 
tendency of particles of similar size to congregate; the only situation in which they 
found a truly random mixture was where particles varied in colour -only. They made 
some interesting observations - for example, that forming a heap within a storage bin 
. is an effective method of demixing. The coarse ｰｾｲｴｩ｣ｬ･ｳ＠ tend to roll down the faces of 
the heap and hence congregate toward the edges of the bin (this is analysed in detail in 
the present study). Care must be taken in the handling of granular materials prior to 
processing, especially if a precise size distribution is required in the application. 
2.5.2. Pouring and vibration processes 
Williams (1976) reported that pouring onto granular heaps was " ... the most frequent 
and serious cause of size segregation .... " (in the process industries). Despite this, 
pouring processes have received relatively little direct attention in the literature. Much 
work has focussed on vibration-induced segregation. Whilst this does have some 
practical importance, in many cases it appears that vibration is used as a means of 
inducing segregation, in work motivated by the search for 'fundamental mechanisms' 
in granular dynamics. In much of the vibration-segregation work, little or no mention 
is made of the range of amplitudes or frequencies of vibration that are likely to occur 
in any industrial environment. Thus, the results of such work should be considered 
with caution, because of questionable relevance to practical processes. Under extreme 
conditions, pouring and vibration processes behave in a very .similar manner. It has 
been widely known since the work of Faraday (1831) that when granular material is 
subjected to high-intensity vibrations, convective motion of particles within the 
assembly is observed, much like the motion of particles in a container of liquid heated 
from below. The results of the present study show that bulk convection 'rolls' can be 
established in pouring into a container, but only if the feed rate is unrealistically high. 
Thus, under extreme conditions, vibration and pouring processes behave in literally 
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the same manner. However, when the intensity of agitation is much lower, the 
phenomena are more elusive. 
Nevertheless, the following sections show that the microscopic mechanisms for 
segregation in pouring and vibration processes share many important features. In both 
types of process kinetic energy is supplied to the particles in the assembly (via 
external vibrations or the kinetic energy of incident particles), which leads to dilation 
of the assembly, an essential precursor to flow or segregation. This supplied energy 
. establishes 'turbulence' fields within the assembly, which can be 'micro-turbulent' 
(akin to thermal molecular diffusion) or, if the degree of agitation is sufficiently high, 
'macro-turbulent' (which is more analogous to eddy induced diffusion in turbulent 
flow of a conventional fluid). The former is especially important for dense phase, 
'slow-shearing' flows in pouring processes where there is limited energy supply from 
the kinetic energy of the incident particles, and is considered further below. The 
following sections examine specific research on segregation arising from pouring and 
vibration. 
2.5.3. Segregation in poured heaps 
Studies of mixing and segregation (Bridgwater and co-workers) 
In a series of experiments, Bridgwater and co-workers investigated the fundamental 
mechanisms of mixing and segregation. Notably, considerable attention was paid to 
the implications of this work on the segregation of material in poured granular heaps. 
Firstly, shear cell tests were carried out to examine the motion of small and large 
particles in a bulk assembly under strain, leading to development of mechanisms for 
segregation. Following this, direct experimental work on pouring segregation 
examined the effects of a range of parameters. 
Using a shear cell, a study of the motion of small particles through a bulk of large 
particles was undertaken (Bridgwater et a!. 1978) It was observed that dilation of the 
assembly on shearing tended to be restricted to narrow failure zones (10-15 particle 
diameters across). Between these failure zones were blocks of material which 
experienced elastic deformation only. Small particles were seen to move downwards 
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through a strained bulk of larger particles. In the absence of strain, segregation was 
only observed when the size difference was large. Segregation was attributed to a 
mechanism of inter-particle percolation. In this mechanism, smaller particles passed 
through the bed because of voids appearing in the bulk particles under strain. Smaller 
particles were favoured in any competition for voids because of their size. Percolation 
was seen as a 'release-capture' process, i.e., the smaller particle moved in discrete 
steps in between being temporarily 'captured' by bulk particles below it. Earlier work 
(Bridgwater et.al1969) identified a critical size ratio for spontaneous percolation, i.e., 
. percolation in the absence of strain. This was found to be the so-called Apollonian 
ratio = ＳＫＲｾＳ＠ = 6.46:1. 
The failure zone in the simple shear cell was considered to be analogous to the region 
near the free surface of a heap. The velocity gradient in the failure zone was found to 
increase approximately linearly with height, resembling that in the outermost few 
layers of a poured heap. Thus, percolation appears a reasonable mechanism for the 
penetration of small particles into the interior of a heap. Experiments were carried out 
using an annular shear cell (Stephens and Bridgwater 1978a, 1978b, Foo and 
Bridgwater 1983) to investigate the motion of large particles in a bulk of smaller 
particles. Firstly it was established that for a given material in an annular shear cell, a 
failure zone was established of which the central region experienced the maximum 
strain-rate. It was also shown that large particles tended to move towards this central 
region of the failure zone which led to the proposed mechanism of particle migration. 
Percolation and migration I diffusion 
For large particles in a bed of fines under uniform strain, the mobility of the fines 
around the larger particles is uniform. Thus, in general, the larger particle does not 
move. However, if the strain-rate is non-uniform, the larger particle moves 
preferentially towards the more mobile (more highly strained) particles. The 
mechanism is clarified by considering the limiting case. If there is no strain in the bulk 
on one side of the larger particle and strain on the other, the large particle can only 
move away from the static part of the bulk. The motion occurs as a series of small 
movements - there are no large 'voids' as such, since the bulk particles are smaller. 
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This mechanism explains the experimental observation that large particles migrate to 
the region of highest strain-rate (the centre of the failure zone) and remain there 
indefinitely. Under this mechanism, large particles in heaps are likely to migrate 
towards the free surface, which is an analogue of the failure zone in the shear cell. In 
modem terminology, the failure zone can be considered to be an 'attractor' for the 
large particles. 
Later analysis of migration (Bridgwater 1980) led to migration being identified as a 
. self-diffusive process. More recent work in this area (for example, Hsiau and Hunt 
1993, Natarajan et.al1995, Campbell 1997, Nikitidis et.al 1998) has greatly enlarged 
on the concept. Statistical mechanical treatments (for example, Einstein 1956 and 
McQuarrie 1976) have proven very successful. The resultant self-diffusion 
coefficients have been found to be in encouraging agreement with theoretical 
predictions based on the kinetic theory of gases (for example, Savage and Dai 1993). 
The kinetic theory is most obviously connected with rapid, relatively lean phase shear 
flows, such as in the work of Campbell (1997), these flows being characterised by 
rapid collisions interspersed with long periods of particles in free flight. Perhaps 
surprisingly, however, the kinetic theory predictions also correspond reasonably well 
with measured self -diffusion coefficients for flows of intermediate bulk density 
(Natarajan et.al 1995) where both frictional and collisional interactions play a part. 
There is even reasonable correspondence in certain regions of the assembly for rather 
dense phase, slow shearing hopper discharge flows (Nikitidis et.al 1998), although 
this is restricted to areas where high strain-rate gradients are evident (adjacent to the 
hopper walls and close to the outlet). 
The latter work corresponds most closely to pouring processes. Tomography was used 
to measure solids fractions of each component of a binary mixture in the hopper 
outflow; the different attenuation behaviour of each species was used to distinguish 
between them. Fluctuating components of solids fraction were then calculated from 
the data, and combined with the velocity autocorrelation function of McQuarrie (1976) 
to quantify the local value of 'microturbulence' which corresponded to the local strain 
rate. Self diffusion velocities and diffusion coefficients were then calculated from the 
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fluctuating solids fractions. The kinetic theory treatment relates the so-called 'granular 
temperature' to the local fluctuating velocities. Note that the granular temperature is 
not simply a measure of the local activity within the assembly - rather, it refers to the 
local activity net of any bulk flow velocity. For example, an extremely rapid granular 
flow can have zero granular temperature at the limit of perfect plug flow. Under such 
conditions there would be no diffusive segregation of species despite the very high 
activity of the particles. The statistical mechanics approach offers a convenient way of 
distinguishing between segregation by migration (diffusion) and by percolation. The 
. former requires a local 'granular temperature' (i.e., fluctuating velocity, hence 
microturbulence) whereas the latter does not if there is a sufficiently high size ratio 
between species. 
The results of granular dynamics computer simulations are especially amenable to 
statistical mechanical analysis, since particle positions, instantaneous and time-
averaged velocities can be output directly from these simulations. Furthermore, there 
is no restriction (apart from the volume of data to be processed) on the spatial and 
temporal resolution of these 'measurements'. Work is currently underway at Surrey to 
quantify the micro turbulence and self -diffusion of binary granular mixtures in two 
dimensional simulations of poured heaps; this will later be extended to encompass 
heap and hopper flows in both two and three dimensions. 
It is tempting to think of the percolation and migration/diffusion mechanisms as direct 
opposites. Phenomenologically, the mechanisms seem to result in opposite effects; 
large particles 'float' to the free surface, small particles 'sink' below. However, they 
are not direct opposites. Percolation depends on relatively large voids being available 
for small particles to fall into and as such can be considered a stepwise process. 
Diffusive segregation can be regarded as continuous; there are no voids as such, rather 
small, consecutive motions caused by strain-rate differences (microturbulence). The 
percolation velocity is a simple function of mobility (local strain-rate) whereas 
migration depends upon a strain-rate gradient; there is no migration through regions of 
constant strain-rate. Under the migration mechanism, large particles do not in general 
'float' but move in the direction of increasing strain-rate which is towards the free 
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surface. The results of the present study show that failure zones also form away from 
the free surfaces of poured heaps. Progress of a large particle towards the free surface 
is therefore likely to be arrested if it encounters one of these failure zones inside the 
heap. 
Experimental work reported by Drahun and Bridgwater (1983) examined segregation 
in poured heaps by the pouring of granular mixtures onto an inclined free surface. A 
small quantity of tracer material (identifiable by its different size from the bulk) was 
. included in a sample of close-sized bulk material. This was fed from a bunker via a 
· conveyor belt onto an inclined plane in an enclosing box. The plane was inclined at 
approximately the natunil angle of repose of the material. Thus, the movement of 
granules down the plane was very much like that down the free surface of a heap. 
After ｾ＠ number of layers of particles had been added, the box was emptied and the 
. . 
composition at various points along the plane was determined by sieving. 
The tracers could be divided into two categories. 'Floaters' tended to remain near the 
free surface (because of migration), and hence were likely to be found well down the 
surface from the conveyor. 'Sinkers' entered ｴｾ･＠ material bulk (by percolation), and 
hence tended to congregate near the conveyor. Avalanches down the surface varied in 
size ｡ｾ､＠ intensity, and were restricted to a region roughly 4-7 ､ｾ｡ｭ･ｴ･ｲｳ＠ thick. Tracer 
particles larger than the bulk material were generally floaters as they traversed the free 
surface and congregated towards the edges of the heap. Conversely, smaller tracers 
were generally found to be sinkers. A ·significant density effect was also observed -
lighter particles of the same size as those forming the bulk were found to be floaters, 
and denser particles were found to be sinkers. This is an impor:tant result as most other 
observers had concluded that density differences are relatively unimportant in 
segregation. Interestingly, the effects of size and density could be made to roughly 
cancel each other out. When small, low-density tracers were used, there was found to 
be a roughly even distribution along the bed. Also examined were the effects of drop 
height, i.e., the vertical distance through which the material fell before first impacting 
the free surface. Generally, it was found that increasing the drop height made sinkers 
behave more like floaters and vice versa. When dropped from greater heights (or when 
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of high density), larger tracers had increased kinetic energy on impacting the free 
surface and therefore were more likely to bury themselves within the assembly in the 
first instance, thus restricting their movement and making them less likely to 
'segregate' (i.e., traverse down the free surface) than would otherwise be the case. The 
combined influence of density and drop height leads one to conclude that the kinetic 
energy of the incident stream is of great significance for the segregation behaviour. 
This was also found in other studies (see the following sections) and in the present 
study, which offers a mechanistic model to describe the effects of impact phenomena 
. on segregation in poured heaps; see Chapter 8. Although pouring onto an inclined 
plane is not quite the same as flow down the free surface of a heap, these are 
noteworthy results as they reveal much about the mechanics of segregation. The 
present study shows that, in fact, size segregation is considerably enhanced by pouring 
onto an inclined plane (see Chapter 8). 
The work of Standish and co-workers 
Experimental examinations of segregation effects in hoppers with specific reference to 
blast furnace ironmaking (Standish 1985) and of packing and segregation in coal 
heaps (Standish et.al1991) appear to confirm the importance of impact kinetic energy 
effects on the segregation process. In the filling of a hopper (furnace), the larger 
particles were generally found near the edges, with the fines in the centre. Low-density 
coke segregated much less than higher-density iron ore. 
The work of Meakin and Jullien 
Meakin and Jullien (1992a, 1992b, 1993) investigated segregation in pouring 
processes using an idealised numerical simulation procedure involving so-called 
"ballistic deposition", see Chapter 3.4 for a description of this model. Particles were 
deposited one at a time on a growing heap. The motion of particles within the heap 
before coming to rest was determined using a simple algorithm, based on local 
geometry, which did not contain kinetic energy. Particles followed a compound path 
of free falling and non-slip rolling around other particles, until contacting the substrate 
or reaching a local geometric minimum on the heap, after which point they were not 
allowed to move. This approach was used to model pouring processes in two and three 
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dimensions (1992a). The essential simplicity of the algorithm meant that very large 
systems (of the order of 107 elements) could be simulated. Segregation was examined 
as a function of coarse/fine size and number ratios, in both two and three dimensions. 
--jwgtiibjal f Despite the artificial aspects of the model, the 
results appear to be in good qualitative agreement with recent experimental evidence 
on segregation (see Chapter 8 and the following sections of this Chapter). Larger 
particles were found to avoid the centre of the heap (the region below the apex) and 
came to rest in layers, running parallel to the free surface of the heap, extending 
. outwards from near the central region. These layers were a single particle diameter 
thick, but often extended for hundreds of particle diameters. Segregation was 
quantified in terms of the width of the depletion region beneath the apex of the heap, 
and was found to increase with size ratio and the proportion of fines in the mixture 
(the more fines per coarse particle, the more complete the segregation for a given size 
ratio). The most significant (and controversial) finding of this work was a critical size 
ratio for segregation, no segregation was found for a size ratio $ less than 2:1. Perhaps 
the most serious weakness of the model was that the partic.les were added one at a 
time, and that each particle was allowed to reach a 'stable' position before the next 
was added. Also, particles were not allowed to move again once they had 'stabilised' 
on the growing deposit. Such 'infinitely slow' feeding is certainly unrealistic and does 
not account for collective effects that must be of some importance in pouring 
segregation. The present study offers evidence that the method and rate of feeding a 
growing heap can have a strong influence on the properties of that heap and 
segregation behaviour (see Chapter 8). Furthermore, the model made no reference to 
particle properties, other than the (implicit) assumption that the particles were 'hard' 
and could not overlap. The unrealistic feeding procedure an.d absence of particle 
properties in the model mean that kinetic energy effects, which as mentioned above 
seem to be of great importance to the segregation process, are ignored by this model. 
In spite of these weaknesses, however, the agreement with experimental work on 
poured heaps (under certain specific conditions, where the feed rate is quite low) is 
nevertheless quite striking. 
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The work of Makse and co-workers 
Experimental, computer simulation and modelling work (Makse et.al 1997 a, 1997b, 
1997c, 1998) has led to a recent revival of interest in the phenomenon of stratification 
in poured granular heaps. Stratification is an effect whereby particles in a mixture 
separate into layers parallel to the free surface, apparently according to particle size, 
when poured to form a heap. The phenomenon had previously been identified by 
Williams (1963, 1968) but appears to have received little further attention until 
recently. In quasi two-dimensional experiments of heap formation (by pouring 
. between two vertical plates a small distance apart), Makse et.al (1997a) found that 
poured material stratified into alternate layers of fines and coarse only when the coarse 
grains were angular in shape and the fines near-spherical. This meant that the natural 
angles of repose of the two phases were quite different; the AOR of the coarse phase 
greatly exceeded that of the fines. The experimental findings were reproduced in 
cellular automaton computer simulations. Stratification was found to be the result of 
avalanches down the free surfaces of the growing heap. This resulted in the formation 
of successive pairs of layers (for a binary mixture) of fines and coarse grains. Recent 
continuum theoretical studies on avalanching in granular heaps, firstly for a single 
species (Bouchaud et.a/1995) and later for binary mixtures (Boutreux and de Gennes 
1996, 1997) also appear to broadly reproduce the findings. The continuum analysis 
was based on a pair of equations describing the profile of the growing heap and the 
conservation of the unstable "rolling phase" at the free surface at any point in time. 
This analysis led to a continuum description of the stratification process by 
Makse et.al (1997b, 1997c), based upon angle of repose differences between the 
phases. Cellular automaton simulations by Head and Rodgers (1997) led to the 
development of a more general framework of binary phase sandpile dynamics, based 
on the angles of repose of the two phases. Within this framework, the so-called 'self-
stratification' (where the layers are parallel to the free surface) seen by Makse et.al 
was one of four distinct types of sandpile behaviour, the others being vertical 
stratification, segregation without stratification, and mixing. However, it is far from 
clear how much of the wide parameter space examined by Head and Rodgers can be 
replicated in experiments, as was admitted by the authors. 
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As in the ballistic deposition work, however, none of the above work on stratification 
takes impact effects into account. The continuum analyses are based upon the 
interaction of a dynamic 'rolling phase' at the free surface with a static bulk of the 
heap. Results presented elsewhere in this dissertation strongly suggest that the 
experiments of Makse et.al were conducted under rather slow feeding conditions (this 
was not made clear) and that the cellular automaton simulations imply the limiting 
case of 'infinitely slow' feeding. The analysis may provide some insight into slow 
feeding conditions, but is far from a complete description of segregation in heaps . 
. Similar recent experimental work (Koeppe et.a/1997) hints at the importance of feed 
rate; marked stratification patterns were observed for slow flows, but the stratified 
layers did not form under higher fill rates. Chapter 8 contains a discussion of 
experimental work in the present study which led to similar findings. To date, this 
work has been briefly outlined in the literature (Baxter et.al 1998, Tiiziin & Baxter 
1998). 
2.5.4. Segregation in vibrated beds 
The work of Meakin and Jullien 
Meakin and Jullien (1992b) also used the ballistic deposition model described 
previously for modelling of vibrated beds, leading to the development of a 
microscopic model for size segregation. For assemblies under vibration, the grains 
were raised a certain distance and reassembled, using the deposition model, to 
represent a vibration cycle. The critical size ratio for segregation in vibrated beds was 
found to be approximately 2.8 (in 3D). The authors suggested that local geometric 
effects were paramount in segregation in vibrated beds. Void spaces were formed 
immediately below large grains as they rose up the bed and were filled by the smaller 
particles; this was seen to be the primary driving force behind the motion of the large 
grains. 
The work of Meakin and Jullien, particularly that on vibrated assemblies, and the 
microscopic model for segregation, stimulated vigorous discussion and further work, 
which is discussed in the following sections. Previous numerical simulation work on 
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segregation by Rosato et al. (1986) was in broad agreement with the findings of 
Meakin and Jullien. 
The work of Rosato and co-workers 
A study of segregation by the stochastic Monte Carlo (MC) method was carried out by 
Rosato et al. (1986). In the Monte Carlo method, 'trial' configurations of an assembly 
are generated from the previous configuration by a stochastic procedure (see Chapter 
3.3). The Rosato et al. work examined the segregation of a single large 'intruder' disk 
. in an assembly of smaller disks, also of a 50:50 binary mixture of different-sized 
disks. When an intruder was initially placed at the bottom of an assembly, under 
vibration it was found to rise to the top, in accord with experiment. The rate of rise of 
the disk was found to increase with the amplitude of shaking and the size ratio. Under 
low-amplitude shaking, there was found to be little or no 'segregation'. It is somewhat 
unclear what was meant by the term 'segregation' in the case of a single intruder. 
Presumably it refers to the rise of the intruder in the assembly, and that if more than 
one intruder were present all would be expected to behave in broadly similar fashion. 
Most significantly, the large disk rose at a near-constant rate, for all amplitudes and 
size ratios for which 'segregation' occurred. 
These observations led the authors to conclude that local geometric effects are 
paramount in vibration-induced segregation. The observations were explained using a 
simple geometric mechanism. Agitation creates a void space above the large disk. It is 
probable that the large disk will move upward into this void during the cycle. In terms 
of the model, this is so because motion in other directions is likely to result in the 
large disk overlapping with its neighbours, which is disallowed. The upward motion 
of the large disk creates a void space below. Then, during the recompression stage of 
the cycle, the probability of a small disk occupying (at least part) of the space vacated 
by the large disk is higher than the large disk returning to its original position. Thus, 
the large disk rises to the top of the assembly. The key to the compatibility of this 
mechanism with the model results was the near-constant rise velocity of the large disk 
in the simulation. If such a geometric mechanism was at work, and local geometric 
configuration did not vary significantly with height (which seems a reasonable 
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assumption), then the large disk would be expected to rise at a constant rate for a 
given amplitude of shaking. Under low-amplitude shaking, the large disk appeared to 
move up the assembly in a series of intermittent discrete jumps although the average 
rise velocity remained constant. This was also explained in terms of local geometry. It 
was argued that under low amplitudes, and hence relatively low displacements of 
particles per cycle, the creation of a void space (sufficiently large to accommodate the 
large disk) above the large disk in the first part of the cycle was relatively improbable. 
Thus, for most cycles the large disk did not move upwards. However, occasionally the 
. collective random motions of the small particles were such that the large disk could 
move. 
Therefore, two quite different numerical approaches (one purely geometrical and the 
other giving kinetic energy to the particles) each led to the conclusion that local 
geometry in the environment of large particles was the primary driving force for 
segregation. However, alternative viewpoints are to be found in the literature, as is 
discussed in the following section. 
The work of Mehta and Barker 
Mehta and Barker (1991, 1993a, 1993b) simulated granular heaps subject to vibration 
using a 3D Monte Carlo simulation of hard disks and offered a simple microscopic 
model to explain the observed behaviour. In this model, a granular pile is considered 
as an assembly of potential wells - each well being a local cluster of grains. The 
vibration is represented as a noise H applied to the pile. They suggested that two 
competitive mechanisms are at work. When His high, the heap relaxes by individual 
grains being ejected from their potential wells (single-particle relaxation). Under lower 
vibration intensities, grains reorganise within their clusters, and clusters reorganise 
relative to each other (collective relaxation). Their conclusion was that collective 
effects are vital in describing properties of granular assemblies such as segregation. 
This is a fundamentally different conclusion to that of Rosato et.al, and to that of 
Meakin and Jullien, who maintained that assembly microstructure in the immediate 
vicinity of large particles was the primary driving force. 
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More recent experimental work by Massalska-Arodz et.al (1997) appears to support 
the analysis of Mehta and Barker. The compaction of a vibrated system of dielectric 
grains was studied by measuring the voltage between two capacitor plates which were 
the walls of the vibrated bed (this being a measure of the packing fraction of the 
grains) over time. Soon after an abrupt filling process, the packing fraction of grains 
.increased rapidly (identified as the single-particle relaxation of Mehta and Barker); 
after some time there was a step-change in the rate of relaxation of the assembly (seen 
as the transition to the slower collective relaxation mechanism). 
· The work of Knight and co-workers 
In a series of experiments, I<night et.al _(1993) investigated the behaviour of vibrated 
granular assemblies, concluding that 'segregation' (i.e., the rise of large intruders) 
could be attributed to bulk convection within the assembly. The intruder particles and 
. . 
. . 
those initially near them in the assembly were coloured differently from the remainder 
of the bulk, to allow visual inspection of the intruders as the bed was vibrated. It was 
found that bulk convection currents were established in the container. The intruder 
was initially placed near the bottom centre of the assembly and as it rose through the 
bed_, those particles initially near the intruder ｾｯｳ･＠ with it and particles near the wall 
moved Ｎ ､ｯｷｮｷ｡ｲ､ｳｾ＠ The rise velocity of the upward stream was found to increase with 
ｨ･ｩｧｨｾＬ＠ and interestingly the effects were independent of the size _ratio and of the initial 
height of the intruder. Size segregation in the bulk only occurred because larger 
partiCles were not 'reconvected' in the downward-moving streams near the container 
walls; these downward streams were not wide enough to convey the larger particles. 
There are two significant contrasts in the findings of this study and that of Meakin and 
Jullien; the non-constant rise velocity of ｴｾ･＠ intruders and the lack of size ratio 
dependence. In this study, the 'intruders' were seen to rise up the centre of the bed 
even for a monodisperse assembly. Boundary effects were found to be significant -
smooth walls greatly reduced the degree of convection. It was suggested that boundary 
effects were distorted in the earlier simulations of Meakin and Jullien (and those of 
Rosato et.al) by the use of periodic boundary conditions. 
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Later work (Knight et.al 1996, 1997) clarified the earlier findings and highlighted 
several further interesting observations. The direction of the convection currents 
reversed when the walls of the container inclined outwards, and granular dynamics 
simulations (Grossman 1997) were used to show how the direction of forces imposed 
on the particles by the walls changed when the walls were inclined, hence leading to 
the reversal of the convection currents. Convection only occurred if the intensity of 
agitation was sufficiently high. Importantly, the material was not truly vibrated (i.e. 
not continuously agitated) in these experiments, rather subjected to a series of discrete 
. 'taps' between which the bed was allowed to relax. The 'frequency' referred to in this 
work was not the rate at which the material was tapped, rather the frequency of each 
individual tap, i.e., that of a single sine wave applied to the container. Thus, the rate of 
tapping was actually rather low in these experiments. The relaxation time between 
consecutive taps was rather long (of the order of O.Ss, giving a tapping rate of 2Hz, 
well below that in most other studies). 
The work of Duran and co-workers 
Duran et al. (1993) used theory, computer simulations and experiments in work which 
suggested a critical size ratio for non-convective segregation. Previously, the same 
authors (Duran et al. 1992) had presented experimental evidence that heaps of 
oxidised aluminium beads (in 2D) showed convective rolling in response to high-
intensity vibrations. For low-intensity shaking, they found that the motion of an 
intruder was a function of size ratio. They developed a geometrically-based arching 
model to explain the results. In this model, the intruder can adopt a stable position 
either by naturally resting on the underlying particles or by being suspended above a 
vault (triangular in 2D or tetrahedral in 3D) by two or more stable small beads in 
appropriate positions. From geometrically-based theoretical analysis, they deduced the 
probability of a vault being formed when the large disk was raised a small distance, as 
a function of the size ratio. Formation of a vault meant that the large disk would 
continue to rise. They found that if the size ratio was sufficiently high, stable vault 
configurations would be formed continuously, resulting in a continuous rise of the 
large disk. The key point is that the analysis was based on a small initial rise of the 
large disk. If the size ratio is less than that for continuous vault formation, the large 
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disk rises intermittently if at all (only when a fluctuation was sufficiently large). This 
is illustrated in ascent diagrams which were constructed from the theoretical analysis, 
the results being supported by computer simulations. Continuous lines in the ascent 
diagram mean continuous formation of vaults. The ascent lines were only continuous 
for size ratios above some critical size ratio cJ>c, whereas there were discontinuities in 
the lines for smaller size ratios. Crossing a discontinuity in the ascent line can only 
occur if there is a large fluctuation in the intruder's position (i.e., a high intensity 
shake), whereas if the size ratio is above the critical value, ascent continues 
. irrespective of the size of the fluctuation. The ｣ｲｾｴｩ｣｡ｬ＠ size ratio for a 2D system was 
found to be approximately 12.9. When extended to three dimensions, cJ>c was found to 
be approximately 2.8; this is in remarkably close agreement with the findings of 
Meakin and Jullien. Duran et al. suggested that the deterministic nature of the Meakin 
and Jullien model meant that below cJ>c, an intruder would become trapped when 
reaching a discontinuity in the ascent line. Their experiments for low-amplitude 
vibrations showed that the intruder motion depended on the size ratio. For a diameter 
ratio (cp) of 16:1, they observed a continuous ascent of the .intruder, at near constant 
velocity, whereas for cp=2, the intruder's rise was much slower and intermittent. ｾ＠
Ｍｾ･､Ｚ｡ＦｴＴｕｾＴﾢＱｊｐｉｾｍｬｩﾢｗｒｉｍｊｩＮ＠ In later papers, 
Duran et al. (1994a, 1994b, 1996) further investigated vibration-induced segregation 
and its underlying mechanisms. A pseudo-2D cell containing oxidised aluminium 
beads was illuminated stroboscopically and photographed once per vibration cycle. 
Image processing was then used to show the path of the intruder and other particles 
over time (1994a). As earlier suggested by !(night et.al (1993), there appeared to be a 
clear transition between convective and non-convective behaviour, but in contrast to 
the study of Knight et.al, segregation was observed under both regimes. 
The arching model, and the experimental evidence offered in support, are quite 
convincing in clarifying the difference between the size ratio threshold for segregation 
and that for continuous/ intermittent ascent of the intruder. The model parameterises 
the acceleration and gives a size ratio dependence of the ascent velocity. It appears 
that this work was less controversial in the community as a whole than that of Meakin 
and Jullien. Nevertheless, the fundamental standpoints of the two are the same- that 
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vibration-induced segregation is attributable to local geometric effects. However, the 
arching model fails to explain an important experimental result; that the ascent 
velocity (for given acceleration and size ratio) is not constant but increases with 
height. 
The work of Dippel and Luding 
Dippel and Luding (1995) used a modified form of the Monte Carlo approach of 
Rosato et.al (1986) for the study of particle size segregation. Most importantly, the 
. maximum displacement of particles allowed in generating a trial configuration was 
considerably less than in the previous work. The physical justification for this is 
unclear; nevertheless, the results appear to correspond more closely with the 
experimental observations of Duran et.al. Intermittent ascent was found for small 
intruders, unlike in the Rosato et.al work (where either continuous ascent or none at 
all was reported). The basic mechanism for segregation - that of local geometry, with a 
hole beneath the intruder being the primary driving force - was maintained. Thus, this 
work offers evidence in support of the experimental observations of Duran et.al by 
means of Monte Carlo simulation. 
The work of Poschel and Herrmann 
Deterministic numerical simulations have also been used to investigate granular 
segregation. Poschel and Herrmann (1995) used molecular dynamics simulations of a 
vibrating two-dimensional bed. The ascent of intruders was fo.und to be accompanied 
by convection rolls under all conditions. The presence of a large intruder seemed to 
trigger the convection rolls; segregation was much less noticeable (but not absent) for 
near-monodisperse assemblies. Segregation appeared to depend on the size ratio and 
the frequency of agitation; for a given size ratio, there was a critical frequency below 
which segregation was absent. The ascent velocity increased with height throughout 
each simulation. In contrast to the experimental work of Knight et.al (1993), there was 
some reconvection of the intruder particle - its ultimate vertical position oscillated 
between the surface and some distance below. Confusingly, in light of other work in 
the field, the amplitude of oscillation was not considered as a parameter in this study. 
The findings appear to lend weight to the concept that convection accompanies 
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segregation under all regimes of oscillation. However, the lack of consideration of the 
amplitude magnitude is a serious weakness of the study. 
The work of Cooke and co-workers 
The experimental arrangement of Cooke et al. (1996) was substantially similar to that 
used by previous researchers; nevertheless, a fundamentally different conclusion was 
reached. A pseudo-2D arrangement (two plates of glass separated by little more than 
the bead diameter) was filled with metal beads. The intruder was a large-diameter 
. disk, stabilised so that it remained vertically orientated by the insertion of metal beads 
the same size as those in the array. High speed photography and image processing was 
used to monitor the response of the beads and intruder as the assembly was vibrated. 
At first sight the results are substantially similar to those obtained previously; there is 
apparently intermittent motion of the intruder under low-intensity shaking, which 
becomes continuous as the acceleration increases. The key element of the 
experimental technique was that parts of the assembly were at times photographed 
much more often than once per vibration cycle, as had been the case previously. This 
enabled the intruder's motion to be tracked with greater precision over short periods of 
time. More importantly, it also enabled tracking of the paths of the small beads in the 
vicinity of the intruder. Under low-intensity shaking, the intruder had zero net 
displacement with respect to its immediate neighbours; "block" motion of background 
particles was observed, along with the formation of dislocations (slip planes). They 
concluded that convective (i.e. bulk) motion determined the trajectory of the intruder 
in all regimes. Previous work had concluded that convection was absent at low 
accelerations because the intruder became dynamically decoupled from the 
background particles. This study offers direct experimental evidence to the contrary. 
There is no fundamental difference between the intermittent and continuous regimes 
under this mechanism for segregation. The intermittency is due to the finite frequency 
of block motions and slip plane formation, which appears continuous under higher-
intensity shaking. The intruder's trajectory is a consequence, not a cause, of 
background particle motion. A slight inconsistency in this analysis is the explanation 
of the increase in ascent velocity with size ratio. Larger intruders are seen to have a 
greater distorting effect on the lattice, thus leading to a higher frequency of slip plane 
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formation and block motion. This is at odds with the concept that the block motion of 
background particles causes the motion of the intruder and not vice versa. 
Nevertheless, the evidence looks quite convincing. 
The work of Vane! and co-workers 
Recent experiments by Vanel et.al (1997) on a 3D system similar to that studied in 2D 
by Duran et.al (1994) supported the previous suggestion that 'segregation' (i.e., the 
rise of an intruder) does depend upon size ratio in the non-convective regime. Apart 
. from the conclusions of Cooke et.al (1996) discussed above, it seems to be almost 
universally understood that purely convective segregation results in size ratio-
independent dynamics. The two-dimensionality of the previous Duran et.al study was 
seen as a serious limitation, especially because of the tendency for particles to 
organise into perfect packings in 2D. The experiments of Vanel et.al broadly 
reproduced the results in 3D; the particles under vibration were seen to 'crystallise' 
into ordered packings, this preceding the rise of the intruder through the assembly. A 
size ratio dependence on the rise velocity of the intruder was found, with a cut-off for 
segregation around a ratio of approximately 2:1. 
The work of Brone and Muzzio 
Recent experimental work by Brone and Muzzio (1997) gave rise to the novel concept 
of convective segregation being a reversible process, dependent on the frequency of 
agitation. They found that vibrating a given system at a 'low' frequency (14Hz) gave 
rise to marked size segregation. However, this segregation could be reversed by 
further vibrating the bed at a higher frequency (22Hz). Bulk convection was observed 
in each case. However, for low frequency agitation, a well-defined heap was formed 
on the upper surfaces of the bed; this did not form under higher frequencies. Size 
segregation for low frequency agitation was thought to be due to effective cascading 
of larger particles down the surfaces of the heap; when no heap was formed, no 
cascading took place resulting in a uniform radial distribution of large particles. A 
connection between heaping, convection (and thus segregation) had previously been 
made in the earlier study of Laroche et.al (1989). The observations appear to be in 
broad agreement with the much earlier work of Ahmad and Smalley (1973) who found 
Page 44 
Review ofresearch to date on granular media and heap formation 
that segregation was suppressed by increasing the frequency for a given amplitude of 
agitation. 
Size segregation in vibrated beds: discussion 
Most of the above work has centred on a number of related basic issues: 
• whether or not the ascent of an intruder is 'continuous' or 'intermittent' 
o size ratio dependence (and whether or not there is a critical size ratio for 
segregation) 
e whether or not the local geometry around a large intruder particle is important 
o whether or not bulk convection accompanies segregation 
In light of the preceding discussion on the percolation and diffusion mechanisms for 
segregation, it seems clear that the apparently conflicting results of the vibration-
induced segregation work can be rationalised by considering which of the two 
dependence. 
mechanisms for segregation predominates. Work in which ,,_.,,a· •I size ratio for 
1\ 
segregation was found also suggested a critical size ratio (Meakin and Jullien, Rosato 
et.al, Vanel et.al and Duran et.al). Segregation in this work was largely due to 
percolation; there were quite low strain-rate gradients within the assemblies. The lack 
of size ratio dependence in other work is clearly due to migration/diffusion 
mechanisms at work. This is most clear for the experiments of I<night et.al, in which 
bulk convection currents were established, resulting in well-defined strain-rate 
gradients within the assembly. The simulations of Poschel and Herrmann showed that 
near-monodisperse assemblies (size ratio << 2: 1) could separate, apparently by a 
diffusive mechanism. Mehta and Barker's finding that collective effects are important 
in segregation points to a diffusive segregation regime. The work of Cooke et.al 
suggested no fundamental difference between 'continuous' and 'intermittent' ascent of 
intruders; once more this is an indicator of a diffusive mechanism at work. The 
findings of Dippel and Luding are interesting - their Monte Carlo simulations show 
broadly similar characteristics of the earlier work of Rosato et.al, but the differences 
caused by reducing the maximum stochastic fluctuations of the particles hint at a 
transition from percolation-driven segregation to diffusive segregation. 
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Chapter 3 The Discrete Element Method 
This chapter presents an overview of the discrete element method for the investigation 
of granular systems. The granular dynamics (GD) technique is compared with other 
discrete element methods designed to model granular systems, bringing out the 
relative merits of these .techniques. 
3.1. Introduction 
·Discrete element (DE) computer simulations are a means of establishing a link 
between experimental observations and theories of many-body dynamic systems. The 
basis of the approach is to divide the system into discrete elements that are much 
smaller than the total system size, and to describe the overall behaviour of the system 
. . 
. . 
as the sum effect of that of the individual elements. The term "many-body dynamic 
systems" is deliberately rather loose, since DE methods have been used across a vast 
range of scales, ranging from molecules to planets and galaxies. Understanding of 
many-body systems can be enhanced in three ways: 
0 by performing experiments on a real or ·a model system 
o by constructing a model and performing· computer simulations. 
o by constructing a model and ､･ｶ･ｬｾｰｩｮｧ＠ theories 
Figure 3.1 illustrates how DE simulation methods fit into the overall scheme of 
research into many-body systems. There are two main stages in the implementation of 
a DE method: 
1. construction of a model 
2. development of a simulation based upon that model 
This chapter presents an overview of several types of model which have been 
employed in granular flow research. Chapter 4 examines in detail the model used in 
Page 46 
The discrete element method 
the present study and Chapter 5 discusses the implementation of the model in a 
working simulation strategy. 
,.------1 Real Systems ｾＭＭＭＡ＠ ------., 
Perform 
... 
Construct a 
Experiments - model system 
+ 
' Perform Develop Simulations theories 
, ,, 
Compare experimental Compare simulations 
and simulation results and theory 
Unify understanding 
ｾ＠ from experiments, ｾ＠
simulations and theory 
Figure 3.1: Overview of research into many-body dynamic systems 
Perhaps the most important basic decision to be made in the DE technique refers to 
lengthscale, i.e., the size and number of discrete elements in the model system. In an 
attempt to achieve a realistic description of the physical phenomena of interest, the 
modeller must decide the relevant lengthscale ab initio. This is a subjective judgment, 
supported by the available experimental evidence. For example, early DE studies in 
the 1950s and 60s found that idealised models of individual molecules or atoms could 
be used to reproduce experimental data on the physical properties of simple molecular 
fluids. The implicit assumption in the approach was that the bulk behaviour of these 
fluids was not directly influenced by activity at the sub-atomic scale; that specific 
interactions between sub-atomic units could in some way be "averaged" within the 
atomic/molecular-scale interaction model. Likewise, in a DE simulation of a 
particulate solid, the discrete element size is many times larger and activity at the 
molecular scale is not explicitly accounted for. The "particles" are assumed to be 
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macro-molecules and interactions at shorter lengthscales are implicitly combined into 
an effective particle-scale interaction model. 
The second major issue in the construction of a DE model concerns the available 
experimental evidence. Naturally, a central requirement of DE modelling is to 
establish credibility of the model by its ability to reproduce experimental results. The 
scale of scrutiny of experimental results for particulate solid materials can be: 
a macroscopic -at the lengthscale of the whole .assembly. Most experimental results 
on granular assemblies are macroscopic - for example, the angle of repose of a 
heap, bulk stress or voidage measurements. Segregation is also a macroscopic 
phenomenon since it depends on large groups of particles separating from each 
other. 
e mesoscopic - at the lengthscale of a single particle diameter (such as stresses or 
velocities of individual particles, or local voidage measurements). Modem non-
intrusive imaging and measurement techniques such as garp.ma-ray tomography and 
PEPT (positron emission particle tracking) may allow such properties to be 
measured. 
o microscopic - at or below the lengthscale of an asperity on a particle surface 
The issues of lengthscale and experimental validation taken together help to explain 
the wide diversity of DE models in the literature. As outlined in Figure 3.2, the basic 
premises for various DE models vary widely. Figure 3.2 shows that other important 
considerations underpin the choice of DE model, for instance the choice of a 
deterministic or stochastic approach. The former implies that the modeller can 
construct dynamic rules for the interaction between elements which will satisfactorily 
reproduce the physical phenomena of interest. The latter implies building random 
elements into the model such that the ensemble behaves in a statistically similar 
fashion to the real system being studied. Both types of approach are driven by the 
motivation to reproduce experimental results. 
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ｾ＠ ｾ＠ + Stochastic I Geometry- Mechanistic probabilistic driven 
I 
' 
f 
Microscopic Mesoscopic 
• Monte Carlo method • cellular automata e contact-mechanical e particle-scale granular 
• Random Walk method • ballistic deposition granular dynamics dynamics 
• atomistic dynamics e effective potentials for 
molecular dynamics 
e ensemble-averaged 
statistical mechanics 
(collisional dynamics) 
No formal coupling of stress or 
Formal coupling of stresses (forces) 
velocity fields; often arbitrary I 
indeterminate length scale chosen and strains (velocities) at relevant 
with regard to computational efficiency length scale 
Iterative I stochastic I Deterministic 
Figure 3.2: Types of discrete element model 
Several of the approaches given in Figure 3.2 can be briefly described as follows: 
o the Monte Carlo method (so called because of the importance of random numbers 
within) involves generating a configuration of an assembly of elements 
stochastically from the previous configuration, by imposing random displacements 
on individual elements. 
Q the cellular automaton method represents the assembly using an array of discrete 
variables; these variables (hence the configuration) change over time according to 
often simple dynamic rules. Individual elements move across a lattice-like structure 
in discrete jumps. 
o the ballistic deposition method reconfigures the assembly by allowing elements to 
settle into geometrically stable positions, in which they are supported by other 
elements already in place. 
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o molecular dynamics uses idealised models for the interactions of molecules, such 
as the model of Lennard-Jones (1924), which give the potential energy between 
molecules as a function of their position. From this, interaction forces between 
molecules are computed. The use of such models is justified a posteriori by 
comparison of simulation and experimental results for thermodynamic and 
transport properties of molecular fluids. 
o collisional dynamics methods are often used for lean-phase granular flows, which 
in some ways resemble gases in their behaviour. Contacts between elements are 
rare and short-lived. Typically these contacts are characterised by a constitutive 
parameter such as a coefficient of restitution. Predictions from simulations are often 
compared with theoretical constructs based on the kinetic theory of gases. 
o ·granular dynamics is essentially the implementation of molecular dynamics 
principles on granular particles. Interaction models are developed to compute the 
forces on individual particles due to contacts with their neighbours. Granular 
dynamics can be implemented at the microscopic scale (in which case the 
interaction models resemble the "classical" contact mechanics of solids) or the 
mesoscopic scale (where the interactions are at the scale of the particle size). The 
differences between these approaches is discussed in detail in Chapter 4. 
It is perfectly possible that quite different microscopic or mesoscopic descriptions of 
the mechanics within the model will result in very similar macroscopic predictions. 
Thus it may well be the case that macroscopic observations do not discriminate 
between different models sufficiently well. The issue depends on which physical 
phenomena of the real system are of interest. Two cases help to illustrate the point: 
G Langston (1995) observed that macroscopic observations in hopper discharges, 
such as wall stresses and discharge rates, were not particularly sensitive to 
interactions at the particle scale. Only if mesoscopic phenomena were considered 
(i.e., the distributions of stresses and velocities of individual particles) were 
different models distinguished from each other. A primary motivation of the work 
was to analyse and predict these mesoscopic phenomena (which are not easily 
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measured in experiments) and thus careful consideration of the particle-scale 
interactions was deemed essential. 
G In contrast, Meakin and Jullien (1992) used a highly simplified geometric model 
(ballistic deposition) to model processes of segregation in poured granular 
assemblies. Clearly, little account was taken of the particle interactions at the 
mesoscopic or microscopic levels, yet the model was found to reproduce certain 
macroscopic (segregation) features quite well. Because of the different motives 
behind the work when compared to that of Langston, for the purposes of this study 
it was appropriate to highly oversimplify the dynamics. 
The motivations and premises of this study resemble those of Langston (1995). The 
study is based on the a priori assessment that interactions at the particle size scale are 
essential in describing the behaviour of poured granular assemblies, and is motivated 
by the desire to analyse the effects of mesoscopic properties such as stresses and 
velocities on individual particles. Thus the choice of a mechanistic DE approach, 
which formally couples forces and velocities of individual particles, was inevitable. 
The final major decision to be made is between modelling at the particle size scale 
(the mesoscopic approach) or the asperity scale (the microscopic approach). This issue 
is discussed in detail in Chapter 4 but is briefly outlined here. The mesoscopic 
approach implies the use of an "effective" contact interaction at the particle size scale, 
whereas the microscopic approach attempts to model particle-particle contacts 
"exactly", based on classical theories of contact mechanics. As will be revealed, a 
mesoscopic standpoint is perhaps most useful as it allows comparison with 
experimental data on the mesoscopic and macroscopic scales and extraction of useful 
data which is difficult to measure experimentally whilst maintaining computational 
effort at a manageable level. In systems with a large number of discrete elements, 
statistical approaches can be especially useful in highlighting the underlying 
dynamical processes in the system. Such methods can be used to explore a wide range 
of parameter space, by varying components of the interaction between elements and 
assessing the effect on the assembly as a whole. The relationship between bulk 
properties and those of individual elements can be assessed. 
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The DE method is a useful complement to continuum treatments and experimental 
investigation in the search for an improved understanding of granular mechanics and 
bulk solids handling. As shown in this dissertation, DE modelling is extremely useful 
in gaining an insight into the physics of granular media on a mesoscopic scale. 
Ultimately, one would expect DE, continuum and experimental methods to achieve 
satisfactory self -consistency. The following sections outline four of the most relevant 
types of DE method for this study, briefly discussing the main advantages and 
shortcomings of each. When considering these brief reviews, it should be remembered 
. that they were written from a particular standpoint based on the basic premises and 
motivations of the present study. It is acknowledged that each of these methods has 
proven useful in different circumstances. 
3.2. Cellular Automata 
In recent years, cellular automata (CA) have been widely used for the modelling of 
granular systems. CA represent a granular flow field via a lattice of discrete variables 
and is perhaps the most "coarse-grained" of the DE methods. Each cell contains a 
variable representing the state of the granular flow field at discrete locations. For 
example, in the modelling of hopper flows by Baxter and Behringer (1990,1991), the 
location and state of individual grains within the hopper was mapped onto a cellular 
lattice ('state' meaning the rotational orientation and prevailing direction of motion). 
The variables in the lattice were either zero, indicating the corresponding geographical 
site was empty, or non-zero depending on the 'state' of the grain occupying the 
corresponding site. In the modelling of poured granular heaps by Bak et al. (1988), 
each variable in the lattice gave the local height of the heap above a discrete point on 
the supporting substrate. 
The modei granular assembly evolves over time via the interaction of these variables 
according to (usually simple) dynamical 'rules'. A well-known example of a CA is the 
so-called 'game of life' (for example, see Bak et al. 1989). Here, the continued 
existence of a 'cell' in a 'colony' depends in a simple way on the local state of the 
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colony. In the hopper flow example given above, grains move into cells vacated by 
others falling from the hopper, with fairly simple criteria to deal with issues such as 
competition for vacancies by more than one grain. In the simulation of poured heaps, 
the toppling of grains from one site to its neighbours is governed by the height at a 
single node within the lattice (a critical-height model) or by the local gradient of 
.heights (a critical-slope model). An example of a small portion of a critical-height CA 
is ｾｩｶ･ｮ＠ for illustration . 
. In this two-dimensional CA, the integer variable z(xJ') gives the local height of the 
heap above a point on a flat supporting substrate located by the co-ordinates (xJ'). The 
local stability is governed by a critical. value of z, i.e. if z(xJ') > zcritical' the pile is 
locally unstable at (xJ'). Any supercritical site relaxes to a state of local stability by the 
toppling of grains . to neighbouring sites. For example, if grains are transferred 
. . 
uniformly to the nearest neighbour sites, one grain transfers from (x,y) to each of 
(x-l,y), (x+l,y), (x,y+l) and (x,y-1). This is illustrated below, in a small portion of a 
lattice, for the case where Zcriticar=10. All sites in the region are initially at the critical 
state- the 'heap' is then perturbed by the addition of a single grain to the central node. 
10 10 10 10 10 10 10 11 10 
10 10 10 10 11 10 11 7 11 
10 10 10 10 10 10 10 11 10 
initial state perturbed state state after 1 transfer 
Figure 3.3 : Example of critical-height 2D cellular automaton 
for a 'sandpile' construction 
The transferred grains render the neighbouring nodes locally unstable and secondary 
grain transfers occur as the result of the first, producing a "chain reaction" across the 
system which is called an "avalanche" for obvious reasons. 
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The study of avalanches was the main focus of much of the work on CA, and led to 
the development of a general theory for the evolution of multi-component dynamical 
systems, termed self-organised criticality (SOC) - for a general summary, see Bak and 
Chen (1991). It should be emphasised that the original aim was to develop a 
theoretical framework for multicomponent dynamical systems rather than to 
investigate granular heaps per se. Nevertheless the above 'sandpile' construction was 
used as an appealing paradigm of these systems, and as a result SOC was soon applied 
to heaps (see, for example, Puhl 1992, Snyder and Ball 1994). The basis of SOC is 
. that multicomponent dynamical systems spontaneously evolve to a metastable state. 
When this state is perturbed there is a resulting chain reaction (avalanche) within the 
system. Avalanches of all sizes arise naturally from SOC dynamics, the size of the 
avalanche being found to be inversely related (via a power-law distribution) to the 
frequency with which it occurs. Thus, infrequent 'catastrophic' events are interspersed 
with a larger number of minor events. SOC theory was seen to lead to an inverse 
power distribution of avalanche sizes and lifetimes, and CA simulations were used to 
investigate this. The simulations gave this distribution of avalanches. Furthermore, the 
output of the system (in terms of the number of grains falling off the 'table' on which 
the 'heap' was formed) was found to resemble closely so-called 1if noise, where the 
intensity and frequency of the noise are inversely related. 1/f noise is common in 
nature; it has been observed in astronomical, biological, geological, rheological, 
meteorological and economic events and probably was the original stimulus for the 
SOC hypothesis. 
SOC predicts that a granular heap builds until its angle of repose reaches a critical 
value, at which point an avalanche occurs, the statistics of the avalanches following 
the 1iflaw. This was brought into question by the experimental observations of Jaeger 
et. al (1989). They found that most avalanches were of broadly similar size and 
occurred at fairly regular time intervals. Thus they suggested that heaps build to a 
(fixed) maximum angle of stability before relaxing to a fixed angle of repose. This is 
markedly different from the SOC prediction. There seems little doubt that CA display 
SOC behaviour, and that SOC may well be a useful model for describing many 
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systems, however it is questionable whether CA is remotely a good model for real 
granular heaps. 
The interaction models within CA appear ad hoc and are not easily related to 
parameters which can be measured. Also, the length scale of the individual elements is 
often far from clear. This is perhaps the reason for the general unpopularity of CA 
techniques within much of the engineering community. However, taking the SOC 
issue as an example, a far more serious problem is that the model's reproduction of 
. experimental evidence has been called into ｳｾｲｩｯｵｳ＠ doubt. Nevertheless, CA do 
recognise the effects of local geometry in governing assembly behaviour and as a 
result, CA sometimes agree qualitatively with experiments on the macroscopic scale, 
as in the study of stratification in poured heaps by Makse et.al (1997). However it is 
questionable that the simulations offer any real insight into the dynamics at smaller 
lengthscales. Recent attempts to build collisional elements into the CA scheme, such 
as that by Peng and Herrmann (1995), have been made to remedy this deficiency to 
some extent. However, the present work and work ･ｬｳ･ｷｨ･ｲｾ＠ in the field suggests that 
specific interactions between granules, which are not generally accounted for in the 
models to date, are essential in understanding the evolution of granular assemblies. 
3.3. Monte Carlo Method 
The stochastic Monte Carlo (MC) method is used extensively in statistical physics, 
molecular and granular modelling. There are two stages to the method. First, a trial 
configuration of the assembly is generated from the previous configuration, by 
imposing random displacements on the elements. The configuration is then subjected 
to an acceptance test based on statistical thermodynamics. For molecular simulations 
the Metropolis MC scheme (Metropolis et.al 1953) can be shown to generate a 
thermodynamically correct distribution of states. For granular systems, the acceptance 
criterion is less rigorously based on theoretical considerations. Nevertheless, there are 
a number of examples of granular flows where the assembly appears to evolve in a 
stochastic fashion, and the MC method has been used with some success in such 
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environments. Highly 'thermalised' granular systems, such as vibrated beds, tend to be 
appropriate for the use of the MC approach. Such systems are typified by high 
'granular temperature' caused by significant fluctuating components of particle 
velocities (these issues are covered in more detail in Chapter 2). Size segregation in a 
vibrated granular assembly has been studied in this way by Rosato et.al (1986) and 
Dippel and Luding (1995) among others. The so-called 'brazil nut effect', where 
larger grains rise to the top of a vibrated assembly, is reproduced with some success in 
this work. However, MC methods are probably less applicable to dense-phase granular 
. flows where there are enduring contacts between neighbouring grains over 
considerable periods of time. The modelling of dense-phase flows in a purely 
stochastic fashion fails to incorporate co-operative behaviour of particles which is a 
feature of many real systems. Improvements to the method may be achieved by 
introducing elements of determinism, by biasing the stochastic part of generating trial 
configurations depending on local geometry. Alternatively, a hybrid of stochastic and 
deterministic methods can be used in certain environments, as shown by Mehta and 
Barker (1991) -a more detailed discussion of this work can be found in the previous 
chapter. 
The main limitation of the M C technique is the lack of any direct connection between 
the trajectories generated by MC and the physical dynamics of real systems. Frictional 
and collisional parameters are absent from MC. One consequence of this is the 
unrealistically large angles of repose in granular heaps formed using MC. There is 
some evidence to suggest that certain size segregation effects may be explained by 
geometric effects. As such, these phenomena may not be sensitive to the details of the 
particle-particle dynamics and in such cases, MC simulation may prove useful. 
3.4. Ballistic deposition 
The deterministic method of ballistic deposition (BD) has long been a feature of 
colloid and interfacial science (Void 1959,1960) and has since been applied to the 
pouring of granular material to form heaps. Elements, usually disks in 2D or spheres 
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in 3D, are dropped onto a growing structure and simple geometric rules are used to 
determine how each element moves before coming to rest. The flow field can be 
cellular in nature (Meakin et al. 1986), in which case the method to some extent 
resembles a CA model, but the discretisation of particle positions is not essential. 
Figure 3.4 illustrates a two-dimensional BD model for a poured granular heap (see 
Meakin and Jullien, 1992). Incident grains move down the heap along a path of 
straight lines and circular arcs, corresponding to free-fall and nonslip rolling around 
. others, until such time as the grain reaches a stable position. The criterion for stability 
is based upon the local geometry, i.e., the orientation of the grains with which the 
incident grain is in contact. Once finding a suitable position, the grain comes to rest 
and does not move thereafter. The technique has been used to considerable effect in 
reproducing the experimental phenomena of segregation and stratification in poured 
heaps. Computationally, the method is extremely efficient, meaning that very large 
assemblies can be modelled. Examples in the literature, such as those produced by 
Meakin and Jullien (1992), show heaps made up of more than 107 elements. BD has 
also been used in conjunction with the Monte Carlo technique for simulations of size 
separation by vibration (see Meakin and Jullien 1993, Mehta and Barker 1993). In 
such schemes, the consolidating (downward) part of the vibration cycle is modelled 
viaBD. 
The technique probably overstates the degree of size separation and stratification in a 
poured heap for a given size ratio, because, in the same way as most cellular 
automaton strategies, the feeding rate is in the 'infinitely slow' limit. This means that 
grains are added one at a time, and any fluctuations caused by the addition of a grain 
are allowed to die away before the next is added. Experimental results (see Chapter 8) 
show that size separation and stratification are most extensive (for a given size ratio) 
when the feed rate of incident grains is very low. Infinitely slow feeding is clearly 
unrealistic and is a major shortcoming of the model. Furthermore, the geometric 
'rules' are somewhat arbitrary and difficult to justify physically. The approach may be 
used to reproduce macroscopic phenomena (such as segregation) but the underlying 
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dynamics at the lengthscale of individual elements are oversimplified in an apparently 
ad hoc fashion. 
7 // .... ｾ＠ .•.. (:::]··· \ 
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Figure 3.4: 2D ballistic deposition model. The particle intersects the heap at (1), 
rolls around the largest particle until reaching point (2), then free-falls until reaching 
point (3), rolls to point (4) before free-falling into a stable position at (5) 
3.5. Granular dynamics 
As mentioned in section 3.3, Monte Carlo models can be made increasingly 
deterministic by introducing 'biased' trajectories to reflect forces acting on the 
elements. The limiting case is where the stochastic elements of the approach are 
completely eliminated, and no trial configurations are generated. Granular dynamics 
( GD) is the general term for techniques where the positions of individual elements in 
the assembly over time are evaluated by an entirely deterministic procedure. 
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The technique has its origins in the molecular dynamics (MD) approach. Broadly 
speaking, there are two types of GD strategy, the hard and soft-sphere approaches; the 
details of each are outlined in Chapter 4. Hard-sphere models disallow 'overlaps' 
between adjacent particles whereas soft-sphere models allow the nominal boundaries 
of the particles to intersect, calculating an interaction force as a function of the 
overlap. Early MD simulations principally concentrated on hard spheres, because the 
procedure for generating trajectories is more efficient, especially at low densities. 
Hard-sphere interactions are rather like those between billiard balls. Spheres or disks 
. move in straight lines at constant velocities between instantaneous collisions. This 
means that solving the elemental trajectories is an algebraic exercise and can be done 
exactly. In contrast, the soft-sphere approach, which is most widely used for GD, is 
based upon solving the classical Newtonian equations of motion in a quite different 
way. Since the forces between elements change continuously as they move, 
approximate step-wise (finite-difference) techniques are needed to integrate the 
equations of motion. The GD results are most sensitive to the choice of interaction 
model describing the forces between grains. Pioneering work in GD was carried out 
by Cundall and Strack (1979). Their computer code BALL and the later version 
TRUBAL have since been extensively modified and widely used. Originally, element-
element interactions were modelled using a primitive 'damped spring' approach. More 
recently, attempts have been made to use interactions of more obvious engineering 
significance such as those based upon the classical contact mecnanics of Hertz. A full 
discussion of several types of interaction model can be found in Chapter 4. 
The GD technique has been used to model many areas of granular flow, such as flow 
down inclined chutes (Walton 1993 & Poschel 1993), size segregation in vibrated 
assemblies (Poschel and Herrmann 1995), avalanching (Sen et.a/1994), hopper flow 
(Langston 1995), agglomerate impact and breakage (Thornton et.al 1996), heap 
formation (Baxter et.al 1997) and flow through an aperture (Hirshfield et.al 1997). 
These encompass many different types of flow, from highly agitated, lean-phase flows 
to dense-phase 'quasi-static' flows, where granule-granule contacts endure over long 
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periods of time. The technique is flexible, widely applicable and successful in all of 
these areas. 
The GD strategy is fundamentally different from cellular automata, Monte Carlo or 
ballistic deposition, in that it models directly the specific interactions between 
.particles. Other than . the stipulation that particles cannot overlap, the alternative 
strategies do not take particle-particle interactions into account at all, instead relying 
on arbitrary assumptions about particle trajectories. GD eliminates the need to make 
. global dynamic assumptions as it provides a method of relating the characteristics of 
· an assembly t.o those of the constituent grains. To a much greater extent than in the 
alternative DE approaches, there is an explicit relationship between parameters in the 
model and those which can be measured experimentally (such as hardness or 
coefficient of friction). Also, the importance of assembly microstructure, which cannot 
be taken into account by continuum approaches, is an· integral part of GD. 
However, GD comes at considerable expense, both computational and conceptual. It 
has a much higher computational overhead in comparison to most alternatives, 
ｭ･ｾｩｮｧ＠ that relatively few elements can be modelled in a reasonable computer run-
time. It is necessary to be aware of finite-size effects in GD simulations; in certain 
cases .it may prove to be the case that the system modelled is ｳｩｾｰｬｹ＠ too small to give 
realistic behaviour. However, computational limitations are by no means the only 
barrier to progress in granular dynamics. Although in GD attempts are often made to 
adopt microscopically realistic interaction laws there remains great diversity in the 
choice of these laws. The mesoscopic approach, which uses 'effective' interactions at 
the particle size lengthscale, is a potentially .powerful alternative providing it can be 
shown to reproduce physical phenomena of real systems. 
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3.6. Concluding Remarks 
This Chapter has outlined a number of the most important considerations to be made 
in the construction of a DE model for granular systems: 
o the lengthscale of the individual elements 
o consideration of the scale of scrutiny of the available experimental evidence 
0 the choice of a stochastic or deterministic approach 
., for deterministic methods, deciding between mechanistic or geometry-driven 
approaches 
· o for mechanistic approaches, deciding between microscopic or mesoscopic 
modelling 
Most of these decisions are taken at the outset of a DE study; these decisions are then 
justified by the eventual success of the model of reproducing the behaviour of the real 
system under study. The wide-ranging scope of these decisions leads to wide diversity 
in the range of DE methods used for the simulation of granular statics and flows. This 
diversity is also partly due to the increasing interest in granular materials in recent 
years from the applied mathematics and physical science communities. The diversity 
of input has led to a number of useful developments in DE techniques, however more 
'radical' approaches tend to be treated with some suspicion by the engineering 
community. This is principally because of the difficulty of establishing a direct link 
between the time-stepping aspects of a given DE technique and the actual dynamics of 
granular flows. Granular dynamics simulations are often seen as most satisfactory in 
this respect as both input and output parameters can often be more readily linked with 
experimental data than is the case for alternative methods. Nevertheless, our 
understanding of the physical consequences of different interaction models is still 
rather limited, and it is likely that attention to choices for pair interactions will 
continue to be paid, especially as particle interactions are much more many-body 
(collective) in nature than is the case for simple molecular fluids. 
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Chapter 4 Particle-particle interaction model 
4.1. Introduction 
Granular dynamics (GD) simulation has become popular in recent years and has been 
applied to many types of granular flow as outlined in the previous Chapter. The range 
of flow conditions for which GD can be used is impressive, ranging from lean-phase 
to compacted flows. This demonstrates the versatility of the technique. The most 
. obvious defining characteristic of a GD ｳｩｭｵｬ｡ｴｩｯｾ＠ is the model for calculating normal 
interaction forces. As discussed in Chapter 3, a decision between two basic 
philosophies - the mesoscopic or microscopic approaches - underlies the choice of 
model. 
4.1.1. Mesoscopic modelling 
This implies the choice of an interaction model that captures the mesoscopic features 
of interest but is not micromechanical in origin. The ｦ･｡ｾｵｲ･ｳ＠ of interest include 
stresses on individual particles, their velocities and localised voidage measurements, 
in contrast to macroscopic bulk stress or voidage. Mesoscopic models are not a direct 
implementation of classical contact mechanics such as Hertzian theory. Due to the 
simplifying assumptions necessary to formulate the equations, classical theory is 
possibly applicable on the microscopic scale but certainly not at the lengthscale of the 
particle diameter. Mesoscopic interaction models can have very simple mathematical 
forms. For example Cundall and Strack (1979) used a simple spring and dashpot form 
to model stresses in granular media, finding quite good agreement with earlier 
experiments using photoelasticity to visualise internal ｳｴｲ･ｾｳ･ｳ＠ (see Chapter 2). 
Similarly, the present study adopts a radical alternative interaction model which 
captures much of the mesoscopic physics in a more satisfactory manner than more 
traditional forms. 
4.1.2. Microscopic modelling 
An alternative approach is to model on the basis of mathematically rigorous contact 
theory - for example, Thornton and Yin (1991). This included the classical theories 
Page 62 
Particle-particle interaction model 
developed by Hertz (see Johnson, 1985) and the frictional mechanics of Mindlin and 
Dereseiwicz (1953) as components of the inter-particle interactions. Many modern 
implementations of GD make use of the Hertzian equations for normal contact force; 
the analysis gives an interaction force increasing as the 3/2 power of the 'overlap' of 
the particle boundaries. The Hertzian analysis provides an exact solution for two 
perfectly elastic spheres pressed together. This may be a quite realistic representation 
of a real system in certain circumstances. For near-spherical particles under high 
normal loads, for example in compaction or attrition, the gross pressure distribution 
. may be Hertzian. However, in general particle-particle interactions involve a large 
number of asperity-scale contacts. Rigorous microscopic modelling must take this into 
account, hence particle shape and surface topography on the microscopic scale are 
factors which should be included in the interaction model. 
Attempts have been made to formulate the contact mechanics for multiple asperity 
contacts. Archard (1957) noted that the classical Hertzian physics for a smooth sphere 
pressed against a surface predicts that the contact area is proportional to the 2/3 power 
of the applied normal load. This was apparently at odds with the widely accepted 
Amonton friction 'law' in which the frictional force at a contact is directly 
proportional to the normal load. Based on the supposition that the frictional force is 
directly proportional to the real contact area, it seemed that Amonton's law was not 
consistent with the Hertzian hypothesis of elastic deformation. Load-area 
proportionality had previously been explained on the basis of plastic contact 
deformation (Bowden and Tabor 1954). However, the Archard model showed that 
load-area proportionality was possible for perfectly elastic, Hertzian contacts if the 
particles were 'rough'. By considering the surfaces to consist of a number of 
asperities, each asperity to itself consist of a number of smaller asperities and so on, 
the 2/3 power index was shown to increase asymptotically towards unity. The 
important argument is that as the load increases, more asperity contacts are established 
and the mean pressure at the asperity contacts is quite insensitive to the normal load. 
Other surface contact models made use of statistical approaches to introduce 
considerations of asperity geometry into the analysis. Notably, Greenwood and 
Williamson (1966) assumed a Gaussian distribution of (spherical) asperity heights, 
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justifying their model via measurements of surface topography for a range of 
materials. They suggested that contacts might most accurately be described as a 
mixture of elastic and plastic microcontact deformations; this was described via a 
plasticity index, dependent on topographical and material parameters, but quite 
insensitive to the normal load. Mullier et.al (1991) noted that if the asperities are 
much smaller than the contact region (and there are many of them), they will be 
deformed plastically under very low normal loads, and so load-area proportionality on 
the basis of plastic deformation may apply. 
A theoretical construct on the contact mechanics of smooth spheres, supported by 
experimental evidence, was presented by Adams et.al (1987) and Tiiziin et.al (1988). 
This attempted to explain the experimental observation that smooth particle materials 
such as polyethylene beads exhibit load-dependent frictional properties, with high 
values of friction under low compressive loads. This was done on the basis of an 
explanation provided by Bowden and Tabor (1954), later extended by Adams et.al 
(1983) and Briscoe et.al (1984) which suggested an adhesive component of friction. In 
this model, significant tangential forces are required to break bonds between 
contacting surfaces, such as metallic bonding in the case of highly polished metal 
surfaces (Bowden and Tabor 1954). This results in a modification of Amonton' s law 
to give: 
or 
where ,; I F is the shear stress/force, a!W is the normal stress/force 
A is the real contact area 
(4.1) 
't0 and a are the interfacial shear strength and pressure coefficient 
respectively (and are properties of the material) 
This model fitted the experimental data well, giving a high friction coefficient at low 
normal load, with the friction coefficient converging towards the pressure coefficient 
a as the load increased. 
Page 64 
Particle-narticle interaction model 
.. 
The Archard model for rough particles and the adhesion model of friction for smooth 
particles each appear to provide a sound basis for simulations based on microscopic 
contact mechanics. However, both require significant a priori knowledge (or 
assumption) about the contact, which is at odds with the apparently "exact" and 
microscopic nature of the technique. The Archard model requires details of the contact 
surface topography and the adhesion model requires a relationship between the normal 
load and the real contact area to be assumed so that the interfacial shear strength 't0 is 
. tractable from experimental data (Mullier et.al1991). In this sense the "microscopic" 
contact-mechanical approach is in fact mesoscopic and should be judged as such, even 
if modified to formulate asperity -scale effects. The approach leads to a set of 
equations for particle-scale stresses in granular media and the need to make a priori 
assumptions regarding surface topography means that the approach cannot be 
considered to be rigorously based on asperity-scale classical mechanics. This is not to 
say that such an approach is any more or less appropriate than another form of 
mesoscopic model based on effective contact mechanics; merely that both types of 
model must be judged using the same criteria - their ability to reproduce the 
mesoscopic and macroscopic behaviour of interest. 
Despite these reservations concerning the true "exactness" of interaction models based 
on classical contact theory, it is certainly true that such models have been used with 
considerable success in simulations of a number of different types of granular flow. 
Perhaps most noteworthy in this area is the work of Thornton and co-workers, in 
application of contact mechanics theory to granular dynamics applications (Thornton 
and Randall 1988), in analysis of the classical theory for surface adhesion between 
elastic spheres (for example Thornton and Yin 1991, Thornton 1993a), in 
incorporating cohesive liquid bridge forces in the granular dynamics strategy 
(Thornton et.al 1993b) and in performing computer simulations based on these 
concepts (for example, Thornton et.al 1996). Perhaps the most convincing application 
of these techniques has been in the modelling of impact and fragmentation of 
agglomerates. The phenomena of crack propagation and fragmentation have been 
extensively studied. Favourable comparisons have been found with experimental 
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evidence on shattering at high impact velocities, local plastic deformation and crack 
propagation ("semi-brittle fracture") at moderate velocities and the identification of a 
velocity threshold below which little damage of an agglomerate occurs. One point of 
note regarding these simulations is that the processes modelled are usually of very 
short duration (!J.S to ms). The use of contact-mechanical equations and material 
properties within the model necessarily demands very small time steps, several orders 
of magnitude smaller than is typical for mesoscopic models such as in the present 
study. Thus it may be that the "microscopic" approach is not particularly suitable on 
. computational grounds for slow-shearing granular flows, such as hopper discharge or 
heap formation. However, as the above discussion outlines, this is by no means the 
only reason why "microscopic" modelling may not be most appropriate. 
Numerical analyses, such as those presented by Webster and Sayles (1986) and Sayles 
and Bailey (1987), are a powerful alternative to the theoretical approaches. Numerical 
analysis means that contacts can be modelled irrespective of the statistical distribution 
of asperity geometries; the geometry and surface load distribution are fully defined 
across the contact area. The technique is essentially a finite element approach. 
Theoretical contact mechanics is deemed to apply over small finite elements within 
the nominal contact area, and the model is iterated such that the combination of the 
normal pressures within these elements corresponds to the nominal contact pressure 
across the whole contact. Statistical asperity model treatments may prove useful for 
many materials, but it appears that numerical techniques are the only sure way of 
finding the pressure distributions for the interaction of any two surfaces. 
In the long term it may prove possible to use asperity-scale finite element analyses as 
described above. If this is the case, discrete element modelling in its present form may 
become redundant; microscopic displacements of contact regions will be modelled 
rather than gross displacements of particles. However, the use of such methods for 
many-body systems remains somewhat distant. Computational limitations are 
significant; a very large number of calculations would be necessary for each particle-
particle contact, and the time steps would have to be extremely small. Also, and 
perhaps more importantly, there remains the difficulty of realistically characterising 
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particles at the asperity scale. Classical contact mechanics on the asperity scale yields 
an exact solution on that scale. To gain an 'exact' solution on the particle size scale, 
which is obviously necessary for GD simulation, one would have to impose a 
statistical distribution of asperity geometries. However, to generate an overall 
interaction on this basis is logically inconsistent; the assumptions regarding the 
distribution of asperity. geometries is made at the contact scale, whilst the mechanics 
ｩｴｳｾｬｦ＠ is at the asperity scale. Somewhat paradoxically, assuming the particles to be 
spherical and modelling Hertzian (or other) contact mechanics at the particle size scale 
.is a logically consistent strategy, since the idealisations of geometry and the contact 
· mechanics are each at the same scale. However, this cannot be presented as a 
'rigorous' or 'exact' solution of the contact. Justification of this type of approach must 
be in terms of its physical appropriateness on the particle scale and its ability to 
reproduce experimental results on the macroscopic scale. Hertzian and MD-type 
. . 
interaction dynamics must each be judged even-handedly using the same criteria. 
The following sections describe the basic elements of the particle-particle interaction 
models used in this study. The forces and moments acting on any element at any time 
｡ｲｩｳｾ＠ from five different sources; elastic ｮｾｲｭ｡ｬ＠ interactions with other grains, 
frictional interactions, energy dissipative · (damping) interactions in the normal and 
ｴ｡ｮｧ･ｾｴｩ｡ｬ＠ directions, and gravity. Each of these is considered in ｴｾｭＮ＠
4.2. Elastic normal interactions 
Two types of elastic normal interaction model are considered in the study; the 
Hooke's Law (linear spring) model and a model carried over from molecular 
dynamics, hereafter referred to as the 'soft-sphere' or 'continuous' interaction. The 
Hertzian model does not form part of the present analysis. For reasons discussed 
below, the Hertzian and linear spring models were found to give essentially the same 
results for hopper flows (see Langston et.al 1994,1995). The linear spring, being the 
simpler mathematical form of the two, has principally been employed for comparison 
with the continuous interaction ( Cl). 
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4.2.1. Soft-sphere model 
The soft-sphere model has been found to be useful for the study of molecular systems. 
Molecular dynamics (MD) is the general term for those numerical techniques that 
involve the solution of the classical (Newtonian) equations of motion for a collection 
of interacting molecules. Techniques in MD were first developed in the 1950s, with 
simulations of sets of hard, elastic spheres being performed. The so-called 'hard-
sphere potential' model of such simulations is discontinuous, taking the form of a step 
function. In contrast, most pair potential models of molecular systems established the 
. potential energy (ultimately the force) between two molecules to be a continuous 
function of their separation. There are fundamental differences between the molecular 
dynamics of particles with discontinuous and continuous pair potentials. For the 
former, particles move at constant velocities between elastic collisions; in principle, 
the Newtonian equations are solved exactly. In the case of soft-sphere particles, the 
forces on each particle vary continuously with separation; thus, the Newtonian 
dynamics is implemented in an approximate, stepwise fashion (see Chapter 5). Soft 
interaction MD was first applied to molecules of liquid argon by Rahman (1964). 
Since this time, the method has been applied successfully to a wide range of molecular 
systems and states. 
The original pair potential (Lennard-Janes 1924), relates the potential energy <j> 
between two molecules of diameter cr to the separation between their centres r : 
(4.2) 
where m,n and k(m,n) are constants; E is the minimum energy in <j>(r). Lennard-Janes 
used the values n=12 and m=6. The first term reflects short-range repulsive 
interactions, preventing the fluid from collapsing upon itself. Unlike the hard-sphere 
potential, however, there is also a long-range attractive term which prevents dispersion 
of the substance in the absence of a confining container. Applying common reference 
values of the constants m, n and k for many molecules, and differentiating (4.2) to give 
the repulsive force on the particles, yields : 
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(4.3) 
This F(r) relationship is shown in Figure 4.1, along with the modified soft-sphere 
model form used in the study of granular heaps. 
For non-cohesive granular systems (see, for example, Ristow 1992, Langston et.al 
· 1994) the long-range attractive term is omitted. The potential energy between a 
particle pair is therefore given by: 
(4.4) 
and by definition the force between the particles is given by: 
(4.5) 
where e is a constant equal to the potential energy at r=a, a is the particle diameter, 
r is the centre-to-centre separation of the pair and n is the characteristic particle index 
which describes the 'hardness' of the interaction. The value of n- chosen for granular 
contacts is typically higher than that for molecules, reflecting the relatively much 
greater hardness of ｧｲ｡ｮｵｬｾｳ＠ on the scale of the diameter. The softness parameter n is 
clearly adjustable with no a pn"on" preference being given to specific values of n. 
It is useful to express units within the simulation (and those for derived properties) in 
terms of these particle-based quantities, i.e., E for energy, a for length and m, the 
particle mass. This helps us uncover the underlying causes of physical processes and 
interpret macroscopic and mesoscopic properties in terms of the determining features 
of the individual particles. The interaction energy between the particles provides the 
only realistic choice for scaling static, thermodynamic and dynamical properties. If the 
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particle-based quantities are employed as internal and external units then we simply 
set 8=a=m=l. For the Lennard-Janes potential, the interaction energy minimises at -1, 
and cp([r/a]=l)=O. If the attractive term in the LJ potential is omitted, then 
cp([r/a]=l)=l, i.e., the unit of force is the particle-particle interaction force at r=a. 
In order to implement a given pair potential in MD, it is convenient to scale by the 
'well depth' 8, usually in units of temperature by incorporating the Boltzmann 
constant, and the nominal particle diameter a, such that the simulations provide 
. reasonable agreement with experimental properties of a given substance (e.g., liquid 
argon). For granular dynamics, scaling of the potential function proceeds differently. 
In molecular systems, the relationship of 8 to the thermodynamic fluid temperature via 
the Boltzmann constant is straightforward: 
1 N 2 
2 :Lmivi 
T = ___..;;;..i=_1'-----
ｾｎｫｂ＠ (4.6) 
where N is the total number of particles, kB the Boltzmann constant and vi the velocity 
of particle i, net of any velocity due to bulk flow of the fluid. 
An analogous concept of 'granular temperature' T0 is often used in granular studies, 
however there is a fundamental difference between the two definitions of temperature: 
N 2 
j_ ｾｭﾷｖﾷ＠2 £... I I 
T _ ___;;,.i=--1"-----
G- dNA 
2 
(4.7) 
where A is a constant and the other parameters defined as in Equation 4.6. The 
fundamental difference between A and kB is due to the fact that granular temperature 
arises from physical agitation of the particles (i.e., the action of external agencies such 
as the gravitational field) and is not an 'intrinsic property' of the granules as the 
thermodynamic temperature is for molecules. This is manifest in the fact that in the 
absence of agitation, T a-70 as the steady state is approached. The important 'intrinsic 
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property' of granules, to which the scaling behaviour is related, is their mass. Within 
the simulation, the problem concerning the definition of A is avoided by the use of a 
reduced unit of granular temperature: 
ｔｾ＠ = ATG (4.8) 
8 
thus removing the need to ever define A directly. 
The potential is defined so there is unit repulsive force at a reference separation of the 
particle centres, and the unit force is related to the weight of the grains within a 
gravitational field g. In this study, the interaction was scaled such that the force at a 
separation of r=a is equal to the gravitational force on the particle. Substituting this 
condition into equation 4.4 yields: 
nc 
mg=-
cr 
and hence£, the potential energy at r=cr, is given by: 
mgcr 
6=--
n 
(4.9) 
(4.10) 
Given definitions of the particle diameter, cr, the interaction index, n, and the particle 
density, g, also given that the gravitational constant, g, is known, one can express all 
derived quantities in the form of these basic units, as given in Table 4.1. 
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Quantity Unit in terms of known or defined units Symbol 
length a a 
mass xa
3g/6 m 
time 1/2 -1/2 t a g 
4 
energy xa gg/6n E 
force xa3gg/6 mg 
Table 4.1 :Basic quantities in terms of known or defined units, assuming that the 
model granules are spherical 
Real values of these basic units can be obtained by choosing specific values for the 
reference particle diameter, a, as shown in Table 4.2. Note the relative insensitivity of 
the unit of time to the particle diameter. 
The results are independent of any specific choice for the reference particle diameter. 
The data is therefore applicable for any particle size range for which the interaction 
physics is appropriate. Conversion of the results to real units (and hence to the 
dimensions of an experimental system) can be undertaken after the simulation. Two 
principal factors set limits on the particle size range for which the model is 
appropriate. First, 'cohesion', which would be represented by an attractive potential 
between particles, does not form part of the model. This means that the particle size 
must be upwards of 100-200 !J-m. Below this particle size, interparticle forces mean 
significant attraction between particles. Second, the interstitial fluid is assumed to 
have negligible effect. This is probably only true for rather coarse particles, with sizes 
upwards of 500 ｾｭ＠ - 1 mm. 
Quantity (unit) 0=500 f.!ID o=lmm o=l em 
mass (kg) 9.81x10-8 7.85x10-7 7.85x10-4 
time (s) 7.13x10-3 l.Olxl0-2 3.19x10-2 
energy (J) 1.34x10-11 2.14x10-10 2.14x10-6 
force (N) 9.63x10-7 7.70x10-6 7.70x10-3 
Table 4.2 : SI equivalents of units of basic quantities within the simulation 
(n=36, p=1500kg m-3, g=9.81 m s-2) 
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The equations are simplified by adopting reduced units (indicated by *). The 
expression for the 'well depth' reduces to: 
* 
€ =- (4.11) 
n 
and the potential function becomes: 
* 1 (crJn ｾ＠ (r) = n -;- (4.12) 
The particle-particle interaction force is given by: 
p* (r) =- il<jl(r) = ur = r-(n+1) 
or r 
(4.13) 
The F* (r) function is shown in Figure 4.1, for comparison with the original Leonard-
Jones potential. The characteristic feature of the soft-sphere interaction model is that 
the normal force interaction extends beyond a centre-to-centre separation of the 
nominal particle diameter. The interaction approaches zero repulsive force 
asymptotically; thus, in practice it is truncated at some separation rc>cr, which defines 
a small minimum normal load (<<mg) for which there are deemed to be normal and 
tangential interactions between a particle pair. As shown in Figure 4.1, this gives rise 
to a slowly decaying 'tail' of the normal interaction force. This is the most important 
and distinctive feature of the model, giving rise to 'long-range connectivity' within the 
assembly, which is further discussed in Chapter 7. 
The value of the index n characterises the 'hardness' of the interaction, and the shape 
of the interaction in the tail region. In the limit of hard-sphere interactions, ｮｾｯｯＬ＠
whereas n=12 for the (relatively soft) molecular interactions. Experience from 
previous related work (see, for example, Langston et.al 1994) showed the value n=36 
to be optimum. The effects of varying n and r c on the dynamics of simulated heaps are 
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assessed in Chapters 6 and 7. 
4.2.2. Linear spring model 
The linear spring model is the simplest mathematical form of interaction which 
sustains a stable assembly: 
F=k(cr-r) r<cr F=O r;;:::cr (4.14) 
. where k is a stiffness constant. There are two principal characteristics of the 
· interaction which differ from the soft-sphere model; constant stiffness (in contrast, the 
soft-sphere can be regarded as a spring of stiffness which is a function of r) and the 
truncation of the interaction at the separation r=cr as opposed to rc>a for the soft-
sphere .. As is discussed elsewhere, these ､ｩｦｦ･ｲｾｮ｣･ｳ＠ have a significant influence on the 
behaviour of the assembly. 
4.2.3. Hertzian interaction 
The Hertzian interaction model is rarely used in the present study but is included for 
comparison and contrast with the soft-sphere and linear spring models. Details of the 
Hertzian analysis are described by Johnson (1985); the interaction model takes the 
form: 
ｆ］ｾｅＪＮｊｒＨ｡ＭｲＩ ＳＱＲ＠ forr<cr 
3 
(4.15) 
where E* is a reduced Young modulus depending on the Young moduli and Poisson 
ratio of the two paz-t:icles, and R is a contact radius of curvature. The model shares one 
principal feature of the linear spring, in that the interaction ceases at the separation 
r=cr. It also contains features of the soft-sphere model, in that the effective stiffness is 
a function of the separation r. However, the functional relationship is comparatively 
weak; the exponent of 3/2 is much lower than is typical for the soft-sphere model. The 
Hertz model is also distinguished from molecular potentials in that it has a non-integer 
exponent. This may make analytical study of the potential somewhat more difficult. 
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4.2.4. Summary 
Three types of interaction force model are described; two (the soft-sphere and linear 
spring forms) are used principally in the study of granular heap formation. The most 
important feature of an interaction model is the separation at which the interaction is 
truncated, as recognised previously by Langston (1995). 
4.3. Normal contact damping 
. Granular contacts are inelastic; energy is dissipated via mechanical work at each 
contact. These effects must be incorporated into the GD model. One possible method 
is to use a constitutive parameter such as a coefficient of restitution. This approach is 
complementary to a hard-sphere GD approach. As mentioned previously, the hard-
sphere 'interaction force' model takes the form of a step function: 
F(r) = oo ｾ｣ｲ＠
(4.16) 
F(r) = 0 r>a 
It is clear that hard spheres only exert forces on each other at the point of collision; 
moreover, that the forces are impulsive (i.e., instantaneous). This leads to purely 
algebraic expressions, which (in principle) can be solved exactly without recourse to 
numerical techniques, unlike the differential forms in soft-sphere dynamics. Moreover, 
the discontinuity in the force model means that finite time-stepping methods are 
wholly inappropriate. However, a coefficient of restitution, which relates post-
collision to pre-collision velocities algebraically, can be used to reflect inelasticity of 
contacts. 
A hard-sphere GD scheme is appropriate for the limiting case of highly 'thermalised' 
lean-phase flows. The principal feature of such flows is that the granules spend long 
periods in 'free flight' between collisions. Their trajectories through space are marked 
by a series of harsh, rare interactions in which the velocities of particles are changed 
suddenly. In contrast, for the slow-shearing flows of interest to this study, densely-
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packed granules interact with several near neighbours for considerable periods of time 
and velocity changes are much more gradual. Use of a coefficient of restitution is not 
meaningful in this context- rather, a contact damping force is applied to each particle. 
The damping force for a given point in time during a contact is assumed to be 
proportional to the normal component of the relative velocity of the two particles at 
that point in time: 
(4.17) 
where c is a normal damping coefficient and v n the normal component of the relative 
velocity. If v is the current relative velocity vector, then vn = (v.n) where n is the 
normal unit vector between the particle centres. In order to obtain the correct vectorial 
form of the damping force, it must itself be resolved into the normal direction. By 
convention, the damping force opposes the relative velocity. Thus the normal damping 
is given by: 
FND = ( -c(v. n) ). n (4.18) 
In this study, as in some others, for example Thornton and Randall (1988) and 
Langston (1995), the contact is approximated as a classical damped harmonic 
oscillator (second-order system) and c is deemed to be a fraction of the critical 
damping parameter. This gives: 
0 =m r+cr+kr (4.19) 
where m is the particle mass, k is the current contact stiffness and F N is the normal 
interaction load. The 'damping parameter' for such a process is given by: 
(4.20) 
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where ｾ＼ＱＬ＠ ｾ］Ｑ＠ and s>1 indicate underdamping, critical damping and overdamping 
of the contact respectively. At critical damping, the damping coefficient c is termed 
the critical damping coefficient cc, which using equation (4.20) is given by: 
Ｑ］ｾ＠ (4.21) 
and c is assumed to be a proportion of cc - a value of around 50% has been used 
. previously (Thornton and Randall 1988) to reproduce the response of real granulates, 
and consequently this was chosen as the usual value here. Varying the ratio about the 
value of 50% was found not to affect substantially the behaviour of granular systems. 
To evaluate cit is necessary to determine the contact stiffness, k. For the linear spring 
interaction this is constant. However for the soft-sphere model the stiffness is given by 
the current slope of the function FN(r). The slope of FN(r) is always negative but the 
analysis requires a positive value fork. The relationship for the general form of the 
soft-sphere model is: 
(4.22) 
If '4' is the damping ratio between c and cc, combining equations (4.18), (4.21) and 
(4.22) to give the completely general vector form for the normal damping force yields: 
(4.23) 
noting the distinction between the interaction index n and the normal unit vector n. 
4.4. Tangential Interactions 
The algorithms used to compute tangential or "frictional" forces vary considerably 
across the range of GD simulations in the literature. All recognise Amonton's "law" of 
friction, i.e. that there is an upper limit of frictional force given by !J.FN, where !J. is the 
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Coulomb friction coefficient. Most frictional models consider the "frictional" force up 
to this limit to be a damping-type force, i.e., to be proportional to the instantaneous 
relative tangential velocity. This formulation inadequately represents the 'endurance' 
of frictional engagements. Using the "tangential damping" prescription of friction 
means that the direction of the frictional force will change as the instantaneous relative 
velocity of the particle pair changes sign, with the particles remaining in contact, 
which is physically unrealistic. It seems far more realistic to treat frictional 
engagements as a process dependent on the history of the contact and not simply the 
. current velocity. To this end, the frictional algorithm follows the functional form of 
the classical theory of Mindlin and Dereseiwicz (1953). 
The algorithm incorporates a memory of the past deformation history of each contact 
by accumulating a tangential displacement, which builds up over the duration of the 
contact. At any given point in time within the contact, the frictional force is a function 
of this tangential displacement (&F). During any finite time interval within the period 
of contact, the change in accumulated Op has two components, due to the relative 
translational (sliding) and rotational (rolling) velocities of the two particles. The 
change in 6p for the pairwise contact of particles i andj is given by: 
(4.24) 
where vij is the relative velocity of the centres of mass, r ij the current centre-to-centre 
displacement, t the tangential unit vector, c.o the angular velocity and ｾｴ＠ the finite time-
step. The rotational component is subtracted from the translational component because 
of the sign convention used in the algorithm. Note also that the contact deformation 
arises from the sum rather than the difference of the individual angular velocities. For 
example, if the two particles were rotating in opposite directions at equal rotational 
speed, there would be no overall distortion of the contact zone and hence the 
contribution to tangential displacement would be zero. The cumulative tangential 
displacement is thus given by: 
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(4.25) 
where the time variable s=O marks when the particles first come into contact and T is 
the total time of contact. There exists a maximum value of &p at which the contact 
enters the rigid-body sliding ('gross sliding') regime. In this regime, the frictional 
force is found from Amonton's 'law', i.e., Fp=!-!FN. Up to this point the frictional force 
is some fraction of the gross sliding value; the functional form we have chosen comes 
. from the microcontact analysis of Mindlin and Dereseiwicz (1953) and gives: 
(4.26) 
where Omax is the threshold value of tangential displacement at which gross sliding is 
reached. The compliance of the contact, which is the inverse of the gradient of the 
function FF(oF), increases with contact deformation (&F). From equation (4.22), the 
value of Omax scales the whole FF(&F) function. It is perhaps intuitively obvious that 
Omax depends on the normal load; furthermore, that Omax should increase with normal 
load. Langston (1995) presented an analysis whereby the Hertzian contact-mechanical 
equations were coupled with the Mindlin frictional equations, in order to couple the 
force-displacement relationships in the normal and tangential directions (assuming the 
particles are non-cohesive elastic spheres). The result links the tangential displacement 
for gross sliding Omax to the cumulative normal displacement during the period of 
contact, 00 : 
0 = !-!( 2 - v) () 
max 2(1 -v) n (4.27) 
where 1-1 is the friction coefficient and v the Poisson ratio of the spheres. The ratio of 
the maximum tangential to current normal displacement is independent of the load, 
and depends only on material properties. Most usefully, the coupling of tangential and 
Page 79 
Particle-narticle interaction model 
.. 
normal displacements rather than loads ensures that this formulation works well with 
any functional form of the elastic normal interaction, i.e., for the soft-sphere model as 
for the linear spring (or Hertzian) form. The algorithm used here model differs slightly 
from that in the classical theory; the differences are outlined by Langston (1995). 
Firstly, the frictional force does not depend on whether oF is increasing or decreasing 
(i.e., hysteresis effects are ignored). This simplification also means that it is possible 
for a particle to "gain energy" by loading tangentially at one normal load, then 
unloading tangentially at a higher normal load. However, it is certain that any effect of 
. this is overridden by the energy dissipation due to contact damping and so the effect is 
ignored. 
Whilst the analytic form of the tangential interaction is adapted from the classical 
theory of Mindlin and Hertz, the mechanical equations are operating at the particle 
size scale and Dmax is typically several orders of magnitude higher than for 
deformations of a micro-contact region. This is in contrast to the normal interactions, 
for which a non-classical interaction model was found to be most useful. As will be 
seen, this combination of normal and tangential models captures the mesoscopic 
physics of slow shearing flows. 
4.5. Tangential contact damping 
It might be argued that 'frictional' work at the contact represents a dissipation of 
energy via plastic deformation of the contact zone (unlike the elastic interaction in the 
normal direction). Therefore the application of an explicit damping force in the 
tangential direction could be considered unnecessary. However, it is likely that the 
formulation in the previous section misses one aspect of the physics; that dissipation 
will be related to the instantaneous rate of sliding as well as the extent of contact 
deformation. Rapidly sliding contacts should be more dissipative than those sliding 
slowly. Mindlin and Dereseiwicz (1953) stated that " ... not only do the changes in 
stresses and displacements depend upon the initial state of loading, but also upon the 
entire past history of loading and the instantaneous relative rates of change of the 
normal and tangential forces." 
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The basic formulation of the contact damping model is exactly as for the normal 
direction; the force is the product of a damping coefficient and the tangential 
component of the relative velocity: 
(4.28) 
where the tangential damping coefficient is given by: 
(4.29) 
The tangential stiffness k1 is found by differentiating equation (4.26): 
(4.30) 
and by combining equations (4.28), (4.29) and (4.30), the completely general vector 
form of the tangential damping force is given by: 
FTD =[ ＭＲｾ＠ (4.31) 
Note that no tangential damping force is explicitly applied at gross sliding; the 
"tangential stiffness" (hence Equation 4.31) goes to zero in this case. As expected, at 
gross sliding the frictional interaction should assume a value F=f.!N, irrespective of the 
sliding velocity. 
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4.6. Interaction model for polydisperse systems 
The model was modified in two different ways to account for particle size 
polydispersity. The simpler modification followed the work of Langston (1995) in 
allowing the particle size to vary only by a few percent about the mean. The principal 
objective of this was to break up structured packings which are a characteristic of 
monodisperse assemblies. A simple strategy was adopted whereby the above 
equations were implemented, assuming the reference particle diameter to be the 
. arithmetic mean of the diameters of the two particles in a binary contact. 
If the sizes of the particles differ by more than a few percent it is necessary to make 
several further modifications. Firstly, the different 'masses' of the particles must be 
taken into account. For two dimensional simulations, the mass of the particle was 
assumed to be proportional to its area, i.e., to the square of its diameter. Using the 
above equations directly for large size differences without accounting for the mass 
would result in unrealistically large overlaps. The interaction forces must also be 
appropriately scaled, and for the continuous interaction, a decision must be made as to 
how the interaction decays in the 'tail' region. Naturally, the reference particle 
diameter cr for the interaction should be the sum of the radii of the two particles, i.e., 
the centre-to-centre separation at which they are 'just touching': 
(4.32) 
For the Hooke's law and Hertzian interactions, the force is a simple function of 
'overlap', so the implementation is straightforward: 
(4.33a) 
(4.33b) 
where A is a constant or group of constants (depending on the interaction form) and 
lr121 is the length of the vector between the two particle centres. As for the interactions 
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of monodisperse particles, the force scaled as the particle mass; in this case, the mass 
of the smaller particle in the pair. For example, if a Hooke's law interaction with 
spring constant k is employed, and particle 2 is the smaller of the pair, 
Equation 4.33(a) becomes: 
( ｾＩ＠ = k( a-Jr121) 
mg 2 
(4.33c) 
Effectively this means that the smaller particle only interacts with a region of the 
larger particle equal in size to itself during contact. In Figure 4.3, the smaller of the 
two interacting particles only "sees" the shaded region of the larger particle. 
Figure 4.3: Interaction between particles with wide size difference 
For the continuous interaction, it was neces.sary to also decide how the interaction 
force should decay with separation. ｃｯｮｾｩ､･ｲｩｮｧ＠ Figure 4.3, the interaction is 
effectively that of a monodisperse contact and so should decay according to the 
diameter of the smaller particle in the real binary contact. Recall that the continuous 
interaction is of the form: 
(4.34) 
and let the radii of the particles be R1 and R2• The effective separation distance for the 
contact is reff (lr12l, R1, R2). Taking into account the definition of a, how the force 
should scale, and how the force should decay with increasing separation, the 
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continuous interaction force for a polydisperse contact is given by: 
n 
1 (4.35) 
One other modification to the model equations is required. The rotational component 
· of the contribution to tangential displacement in Equation (4.25) must be modified to 
account for polydispersity; the distortion ·of the contact zone depends on particle size 
as well as rotational velocity. The displacement of particle i relative to particle j over 
the history of the contact becomes: 
T R 
Op = f(vij(s) t(s))-rij(s) i (wi(s) +wj(s))ds 
0 R·+R· l J 
4. 7. Concluding Remarks 
(4.25b) 
Effective granular dynamics demands the modelling of particle-particle interactions on 
the lengthscale of the particle size. Particle-particle interaction models should be 
judged solely on their ability to reproduce experimental results on the macroscopic 
(assembly) and mesoscopic (single particle) scales. Thus, models which are apparently 
on a rigorous theoretical basis, such as those based on the classical theories of Hertz 
and Mindlin can only truly be evaluated by computer 'experiment'. These should be 
considered even-handedly alongside more 'radical' interaction potentials which 
attempt to capture the mesoscopic physics but are not derived directly from classical 
theory. 
As will be shown in Chapters 6-7, the analytic form of the Mindlin frictional theory is 
seen to yield an appropriate description of the mechanics of granular assemblies. In 
contrast, for the normal loading of contacts, alternatives such as modified molecular-
dynamics type pair potentials are seen to give a more appropriate description of 
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granular behaviour than does classical Hertzian theory. Energy dissipation at the 
contact is reflected, in both the normal and tangential directions, by the application of 
a damping force which is proportional to the relative velocity component. The 
coefficient of proportionality for each direction is given by solving the contact as a 
second-order system. The models have been appropriately modified to deal with 
widely polydisperse contacts, where the particle diameters differ by more than a few 
percent. 
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Chapter 5 Simulation Procedure 
5.1. Introduction 
This Chapter describes how the particle-particle interaction models described in the 
previous Chapter were implemented into a working simulation strategy. This includes 
a discussion of the necessary assumptions and idealisations. The overall procedure is 
illustrated in Figure 5.1. 
I BEGIN! 
+ 
... I Initialise I 
+ 
Add new particles if 
appropriate 
+ 
Does neighbour table need Assign particles 
updating? 
____...,.. 
to zones 
• t Consult neighbour lists; Reconstruct 
calculate forces and .__ neighbour table 
moments on all particles from zone list 
• From resultants, integrate 
Newton's second law to 
yield velocities and 
positions 
ｾ＠I Continue ?I 
ｾ＠I STOPI 
Figure 5.1. Overview of simulation procedure 
Much of the development and testing of the model was concerned with making 
efficient use of computational resources. The special programming considerations 
used to increase computational efficiency (in updating neighbour tables) were 
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essentially decoupled from the remainder of the procedure and so are described 
separately, in Appendix A. 
5.2. Assembly updating scheme 
The particle-particle interaction forces are vectorially summed to give a resultant force 
and moment on each particle at each time-step. In order to obtain particle velocities 
(and ultimately positions) over time, it is necessary to integrate the classical 
. (Newtonian) equations of motion. Because the forces change continuously as the 
particles move, an approximate, step-wise procedure is needed. The use of finite-
difference techniques for solving similar problems is well documented in the 
molecular dynamics literature; see, for example, Allen and Tildesley (1987) and Haile 
(1992). The Runge-Kutta (RK) numerical integration technique is simple and widely 
used. The first-order example of the RK method is the Euler integration: 
X ( t + .D.t) = X ( t) + X .D.t (5.1) 
Here, the value of the parameter x at the following time-step is calculated from its 
current rate of change. Higher-order RK methods refine the calculation of x by 
estimating the gradient more than per time step. A weighted average gradient is then 
used to integrate the function across the time step. 
Factors influencing the choice of a particular finite-difference scheme include its 
simplicity (and speed), accuracy and stability. The latter refers to the maximum size of 
time step which can be tolerated. For granular dynamics, RI< methods can usually be 
excluded on the basis of speed or of stability. Low-order approaches such as Euler 
integration are inherently rather unstable (hence requiring very small time steps) and 
whilst higher-order RK techniques tend to be accurate and stable, they tend to be far 
too slow for use on many-body systems. 
Alternatives which have been widely used in molecular and granular dynamics include 
the Verlet algorithm (described below) and predictor-corrector methods. In the latter, 
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the positions and/or velocities at the end of the next time step are predicted from a 
combination of current and/or previous forces, velocities and positions. The force 
necessary to produce the predicted velocities is computed and compared with that 
found from the interaction potentials. The predictions are then corrected accordingly. 
Predictor-corrector methods are flexible in that the prediction and/or correction stages 
. can be repeated within a single time step if desired. 
For large-scale systems, the Verlet algorithm has a particularly useful feature of 
. stability at moderately large time steps (considerably larger than the maximum stable 
time step for predictor-corrector methods). Molecular dynamics studies suggest that 
predictor-corrector methods are most suitable if high accuracy is required. However, 
the relative loss of accuracy using Verlet is not especially significant for the 
simulation in this case, particularly because the damping forces means that the kinetic 
. . 
energy of particles is dissipated on impact with others. For molecular systems where 
the discrete elements remain in motion indefinitely, the propagation of inaccuracies 
through time due to the use of V erlet may be less acceptable. Furthermore, the overall 
"accuracy" of the simulation depends on the interaction potentials as well as the 
ｮｵｾ･ｲｩ｣｡ｬ＠ integration method. As discussed in Chapter 4, for granular systems the 
precise form of the interaction model is known with less confidence than that for 
ｭｯｬ･ｾｵｬ･ｳＮ＠ Hence the need for a highly accurate numerical integration scheme is less 
pressing. 
The Verlet algorithm 
Using Taylor expansions of the coordinates of a particle's centre of mass at time 
ＨｴＫｾｴＩ＠ and ＨｴＭｾｴＩ＠ in terms of known positions and accelerations at times t and ＨｴＭｾｴＩＬ＠ it 
is possible to show that: 
d2x(t) 
X ( t + ｾｴＩ＠ = 2x( t) -X ( t - ｾｴＩ＠ + 2 ｾｴ＠ 2 + ... dt (5.2) 
This allows the position of a particle at ＨｴＫｾｴＩ＠ to be calculated from the known current 
position, previous position and current acceleration. Note that there is no function of 
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the velocity in Equation (5.2). A widely implemented method for introducing the 
velocities is to estimate a mean velocity for the time step from positional data, and to 
assume that this is the instantaneous velocity half way through the step, for example: 
v(t + .6.t) = x( t + .6.t)- x( t) 
2 .6.t 
(5.3) 
This reformulation leads to an implementation of Verlet known as the "leap-frog" 
version, whereby the calculated velocity and force are consistently half a time step out 
of phase, each "leaping over" the other during a single time step. The linear and 
angular velocities are calculated by assuming the resultant forces and moments 
calculated at time t to apply constantly over the period (t-&/2) to (t+&/2): 
(5.4) 
. ( ｾｴＩ＠ . ( .6.t) .. e t+2 =e t-2 ＫｓＨｴＩｾｴ＠ (5.5) 
Linear and angular positions are then calculated by assuming the half time step 
velocities to apply constantly over the time step: 
X ( t+ ｾｴＩ＠ = X ( t) + V ( t + ｾｴＩ＠ ｾｾ＠
. ( .6.t) e(t +L.lt) = e(t) + e t +2 .6.t 
The linear and angular accelerations are calculated from: 
a(t) = F{t) 
m 
S{t) = T{t) 
I 
(5.6) 
(5.7) 
(5.8) 
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where F and T are the resultant force and torque respectively, m the particle mass and I 
the moment of inertia. 
5.3. Technical simulation issues 
5.3.1. Idealised particle shape 
The simulations presented in this dissertation model the dynamics of softened disks in 
two dimensions and spheres in three dimensions. This is a significant idealisation, 
. since real granular particles may differ considerably in shape, and it seems likely that 
particle shape has a considerable effect on the mechanics of granular media. Non-
spherical particles present two major difficulties in granular dynamics - identifying 
contacts and determining the interaction force. A number of methods for modelling 
non-spherical particles appear in the literature. Hogue (1993), Hogue and Newland 
(1993) represented non-spherical particle shapes (in two dimensions) by a set of 
vertices joined by straight line segments. The radius from the centre of mass and a 
reference angle was stored for each vertex. It appears. that this very general 
representation of shape allowed for efficient contact identification, although it also 
seems that considerable amounts of data needed to be stored for each particle. 
Alternatively, Moore & DePoorter (1993) used an elliptical equation to model non-
circular shapes in two dimensions; once more it appears that this is a fairly efficient 
means of contact identification. However, the fundamental problem with both 
approaches is that contacts are assumed to occur at a point. Whilst this may be a 
reasonable assumption for (softened) disks or spheres, interactions between highly 
non-circular particles are far from point contacts. As is discussed regarding 
segregation in Chapter 8, assemblies with a large number o.f face-to-face contacts 
between grains behave very differently to those where the particles are near-spherical. 
There are two possible solutions to this problem. Firstly, the particle-particle 
interaction model could possibly be re-formulated to model far-from-point contacts, 
but this would require fundamental changes in the strategy. Alternatively, face-to-face 
contacts could be modelled as a combination of a number of point contacts. This 
implies 'sticking' disks or spheres together to form irregularly-shaped agglomerates, 
which allows the continued use of the basic sphere-sphere interaction models 
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described in the previous Chapter. Each small sphere in an agglomerate interacts in a 
pairwise fashion with spheres in others. Naturally, however, it is necessary to 
introduce constraints in order to close the system of equations, these being additional 
forces on the small spheres which ensure that the overall structures of the 
agglomerates are maintained. The use of constraints was considered for the present 
study. However, it emerged that the constraint dynamics was complicated even for the 
simplest cases and thus the method was not pursued for the purposes of the present 
study. This is potentially a very useful way of modelling non-spherical shapes which 
. might be considered in future work. 
The most important feature of the continuous interaction model (see Chapter 4) is the 
'tail' region. A possible physical explanation for the tail is non-sphericity of real 
particles. The centre-to-centre separation distance for the interaction of non-spherical 
particles should be greater than that for spheres of the same volume, and unlike for 
spheres is a function of the orientation of the particles. The effect of non-sphericity on 
the truncation point for the interaction was quantified for a simplified case in two 
dimensions. 
Equivalent potential truncation point for non-spherical particles 
The principal difference between circular and non-circular elements is that for the 
former, there is a unique separation (cr, the particle diameter) beyond which the disks 
are not in direct contact. For non-spherical particles, this separation depends upon the 
particle geometry and relative orientation. If one assumes that it is possible to 'map' 
non-circular elements onto disks for the purposes of simulation, it is then possible to 
compare the maximum centre-to-centre separation distances for the 'real' (irregular) 
particles and the disk elements having the same area. 
The irregular particles were assumed to have a rectangular section in two dimensions, 
characterised by two principal axes passing through the centre of mass; the 'long' axis 
of length L and the 'short' axis of length S. The ratio of these lengths is the aspect 
ratio of the particle: 
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L A=-
S 
(5.9) 
The minimum centre-to-centre separation for which an identical pair of particles are 
touching each other was deduced by considering a number of special cases; see 
Figure 5.2. It is evident that the centre-to-centre separation depends upon the (acute) 
angle between a line drawn between the two particle centres and one of the principal 
axes of each particle (in this case the long axis). 
c) l (L+S)/2 a) .... ·····-····i-········· .... ! s............................... 
b) 
L 
Figure 5.2: Minimum centre-to-centre separations for touching of rectangles 
depending on orientation. Key: (a) c-c line perpendicular to both long axes; 
(b) c-c line parallel to both long axes; (c) c-c line perpendicular to one long axis and 
one short axis; (d) general case, r0 given by Equation (5.10) 
The three special cases shown in Figure 5.2 reveal that: 
a) If the centre-to-centre line is perpendicular to the long axes of both particles, the 
separation below which the particles definitely touch is the short axis length, S 
b) If the centre-to-centre line is parallel to the long axes of both particles, the 
separation below which the particles definitely touch is the long axis length, L. 
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c) If the centre-to-centre line is perpendicular to the long axis of one particle and to 
the short axis of the other, the separation below which the particles definitely touch 
is the mean of the two axis lengths, 1/z(L+S). 
From these special cases, a general expression was deduced for the maximum 
separation for interaction, for two identical particles as a function of the aspect ratio 
and orientation. The orientation was characterised by the acute angles 81 and 82 
between the long axes of the particles and the centre-to-centre line (see Figure 5.2d) 
. and led to: 
(5.10) 
Assuming the short axis to be of unit length, the minimum separation for two 
rectangles of given aspect ratio to be touching was computed by systematically 
considering a large number of orientations; 81 and 82 were independently varied 
between 0° and 90°. The average r0 was taken (assuming any relative orientation to be 
as likely as any other) and compared with the diameter of the circular particle with the 
same area as the irregular particles: see equation (5.11). A sample calculation is shown 
for illustration, and the results are illustrated in Table 5.1. 
Jt C1equiv 4 L S 2 1¥ L · S = 4 -7 C1 equiv = ----;-- (5.11) 
Suppose that the 'real' particles have an aspect ratio of 1.5 and the short axis is 
deemed to be of unit length. Thus, L = 1.5 and S =1. Then: 
Area of real particles = 1.5 x 1 = 1.5 units2 
Diameter of circular elements with equivalent area = -v (4LS I Jt) 
= -v(6 I j() 
= 1.39 units 
Average r0 for large number of orientations ｾ＠ 1.59 units 
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This was calculated using equation (5.10) for a large number of orientations chosen at 
random; 81 and 82 were selected from a uniform random distribution on {O:rc/2} 
Ratio of average r0 for 'real' particles to diameter 
of 'equivalent disks' = 1.59 I 1.39 
= 1.15 
Thus, for example, suppose that irregular particles of aspect ratio 1.5 are reasonably 
· realistic for a given assembly. Using disks of the same area, the length of the 
interaction tail should be 15% of the nominal diameter, to reflect the fact that irregular 
particles will usually interact at larger separations than disks of the same area. 
Aspect Ratio Diameter of Average r0 jor Ratio of average r0 
equivalent area irregular particles to equivalent area 
disks disk diameter 
1.0 1.128 1.265 1.12 
1.2 1.236 1.402 1.13 
1.5 1.387 1.592 1.15 
2.0 1.596 1.911 1.20 
3.0 1.954 2.544 1.30 
5.0 2.523 3.802 1.51 
10.0 3.568 7.026 1.97 
Table 5.1: Equivalent r0 values for irregular particles of varying aspect ratio 
The minimum ratio of about 1.12 is seen for squares; as the particles become more 
needle-like in shape, so the ratio increases. For 'moderately irregular' particles (of 
aspect ratio< 2:1), the interaction tail is 20% or less of the particle diameter. 
Relating this analysis to the simulation parameters, the truncation separation for n=36 
(r0 =1.2cr) corresponds to a fairly modest aspect ratio for rectangles of approximately 
2:1. Thus if one accepts that it is reasonable to 'map' slightly non-circular particles 
onto disks with the same area for the purposes of simulation, it is possible to reconcile 
the tail of the continuous interaction model with slightly irregular particle shape. This 
may serve to partly explain the phenomenon of long-range connectivity, identified 
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with the tail region of the continuous interaction, which was mentioned in Chapter 4 
and is further discussed in Chapter 7. 
5.3.2. Effects of scale 
Finite size effects are an issue of obvious importance in simulation of heaps. Many 
. industrial stockpiling . processes deal with tonnes or even thousands of tonnes of 
ｭｾｴ･ｲｩ｡ｬＬ＠ thus a huge· number of individual particles. It is clearly impossible 
computationally to model such processes directly using discrete element simulation . 
. Thus one must be sure that the overall system size is sufficiently large to capture the 
features of interest and to ensure that any spurious motion of a small number of 
particles does not overly· distort the results. 
The appropriate scale of scrutiny depends on the real system being modelled. For 
. . 
. . 
example, in size segregation due to heaping within an industrial hopper, there is 
evidence to suggest that the important dynamical events are confined to quite narrow 
regions near the walls and free surfaces. Particles more than a few tens of diameters 
away from free surfaces are unlikely to play much part in segregation (providing the 
ｭｩｾｴｵｲ･＠ is non-percolating; see Chapter 8). In this case a simulation containing a few 
thousand particles may provide an acceptable picture of the real process. In contrast, if 
one ytants to examine the stress distribution below a heap of thousands of tonnes of 
material, small-scale simulation is far less acceptable. The effects of scale-up might be 
investigated by systematically performing simulations on a number of scales within 
the constraints of computational resources, although the effect of extrapolation beyond 
this range may be uncertain. Efforts were also directed towards widening the range of 
scale with the available resources. 
A strategy was developed for larger scale two dimensional simulation of poured 
heaps. Most of the simulations in the study contained 20,000 particles or less. 
Increasing the size of the system results in an exponential increase in overall 
computing time, even if efficient bookkeeping techniques are used. The large-scale 
strategy took into account that most of the particles in a poured heap are near-
stationary for most of the period of simulation. The heap was formed in stages, several 
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thousand particles at a time. When the structure of the heap evolved to a near-stable 
state, particles were classified into one of three types: 
Q 
11Free" particles, located on or very close to the free surfaces, were retained for the 
next stage of the simulation. 
o "Forgotten 11 particles, far from the free surfaces, were disregarded in the next stage 
of the simulation - their positions were logged and they were assumed to remain 
stationary ad infinitum. 
a "Fixed" particles were needed as a buffer between the free and 11forgotten 11 
particles, to prevent the free particles penetrating the structure of previously 
"forgotten" particles. 
The result of a monodisperse 2D simulation using this technique is illustrated in 
Figure 5.3; the heap contains over 220,000 particles. The approach could also be used 
for polydisperse assemblies. Indeed, the approach is probably only suitable for 
examining phenomena where the particle positions are the most important parameter, 
such as avalanching or size segregation. Internal stress and voidage profiles are invalid 
since particle-particle interactions are not computed for the interior of the .heap. The 
need to retain particles in the simulation but not allow them to move is also somewhat 
unrealistic. However the technique is promising for examining avalanching or 
segregation near the free surfaces, on a much larger scale than is otherwise possible. 
Despite the considerable savings in computational resources afforded by the strategy, 
the overall computational overhead remained very high; the above example used 21 
days of computing time on a single processor of a fast UNIX supercomputer 
(Alphaserver 8400). Implementation of the technique was somewhat complicated for a 
number of reasons. Firstly, uniquely identifying those particles on the free surface was 
somewhat difficult; this was the starting point for classifying all particles as "free", 
"fixed" or "forgotten". At the end of each stage, a considerable amount of information 
on those particles being retained for the following stage (position, velocity, list of 
near-neighbours, tangential displacements) had to be carefully extracted from the 
database within the simulation and re-organised for the following stage. 
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Figure 5.3: Large scale 2D monodisperse heap, containing over 200,000 particles 
The technique is open to considerable further refinement in future work. The 
stagewise nature of the approach is somewhat unsatisfactory; however, this was found 
to be necessary due to the complicated data handling necessary at the end of each 
stage. It may be possible to find ways in which particles can be classified continuously 
and thus a more realistic continuous feeding mechanism could be used. However the 
reorganisation of neighbour and tangential displacement data presents a serious 
difficulty. Similarly, the length of each stage and the criteria for classifying particles 
were selected on an ad hoc basis. The high angle of repose of the heap in Figure 5.3 is 
undoubtedly due in part to the particles being given insufficient time to relax to a 
completely stable state before being fixed in position, particularly later in the 
simulation. It should be possible to develop the technique so that the classification of 
particles as free, fixed or forgotten, and the length of each stage, can be rigorously 
based on particle velocities or displacements over time. 
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5.3.3. Dimensionality effects 
Most of the simulations presented in this dissertation are two dimensional. A number 
of 3D simulations were also performed by taking the basic 3D hopper flow code of 
Langston (1995) and reformulating the boundary conditions in a suitable way for 
poured heaps. The evidence from hopper flow simulations is that the results in 2D 
compared quite closely with those along the mid-plane of a 3D assembly. This was 
especially the case in terms of comparing the basic qualitative features of different 
types of interaction model. In both 2D and 3D, the continuous interaction produced 
. flow fields with much more local concentration of shear in 'rupture zones' in hoppers, 
thus displaying long-range connectivity. The effects were less pronounced in 3D than 
in 2D but still clearly visible. As shown in Chapter 8, certain features of segregation 
observed in 'quasi 2D' experiments (i.e., 3D particles in a near 2D container) were 
reproduced quite well in 2D simulations. Previous and current simulation work has 
thus created a framework for comparing 2D and 3D simulations, in terms of the two 
major issues examined in this dissertation (long-range connectivity and segregation). 
It appears that the dimensionality of the simulations may not be as crucial as might be 
expected, especially in terms of long-range connectivity and the suitability of various 
interaction models. An important first step in any future work in this area is to refine 
the 3D codes to deal with mixtures with wide size differences. The framework would 
then be in place to examine the importance of dimensionality for granular dynamics 
simulation of segregation. 
5.4. Concluding Remarks 
Much of the work in this project has concentrated upon the development of efficient 
granular dynamics simulation techniques for poured heaps. Novel bookkeeping 
techniques, described in Appendix A, have allowed the efficient simulation of systems 
with wide differences in particle size. A number of technical issues concerning 
idealisations within the technique have been addressed, although there are also many 
avenues for further refinement of the model. 
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Chapter 6 The angle of repose 
6.1. Introduction 
The stability of granular heaps is likely to be affected by engineering parameters (e.g., 
how the heap is formed) and by material properties (e.g., cohesion, coefficient of 
friction). As discussed in Chapter 2.3, the angle of repose (AOR) of heaps is often 
used as an indicator for the material properties (coefficient of friction). However, it is 
. well known that the angle of repose is also a strong function of the method of heap 
formation (see, for example, Brown and Richards 1970). Furthermore, in granular 
dynamics simulations of heap formation, the stability of heaps is likely to also be 
affected by the choice of particle-particle interaction model and the model parameters 
used (see Chapter 4 for discussion). Hence, it is useful to assess the effects of this 
wide range of parameters on the formation of heaps in GD simulations. 
A large number of simulations were carried out with varying methods of pouring to 
form heaps, including free pouring from mass and funnel flow hoppers and adding a 
single particle at a time. In general, repeatability of results in these simulations was 
not an issue, since the procedure was entirely deterministic and thus repeating the 
process more than once with the same input data yielded identical results. However, in 
many cases there were stochastic elements in generating some of the input data (for 
example, the starting positions of particles). A number of simulations were performed 
to assess any variations in the results because of this and although there were small 
fluctuations, the overall behaviour was unaffected. 
6.2. Stable angle of repose 
The most obvious engineering characteristic of a poured granular heap is its angle of 
repose (AOR), defined as the angle with the horizontal taken up by the heap. A range 
of simulations were performed to assess the effects of the particle-particle interaction 
model, contact stiffnesses, contact friction angles, damping coefficients, the nature of 
the supporting substrate and the method of heap formation. Most of the simulations 
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were two-dimensional (2D). A three-dimensional (3D) capability was developed late 
in the period of the project, and some results from 3D simulations are presented. 
6.2.1. Effect of particle-particle interaction model and contact stiffness 
6.2.1.1. Two dimensional, monodisperse assemblies 
The effects of contact stiffness were investigated in a series of simulations using both 
the continuous interaction and linear spring interaction models. The material was 
poured from a funnel flow hopper with an orifice width of Scr, the orifice being lOOcr 
. above the supporting substrate. Figure 6.1 shows the results of simulations with 
contact stiffness index n of 24, 36 and 72. Also presented are the results of simulations 
using a hybrid potential, where the value of n in the 'tail' differed from that in the 
overlap region. As discussed in Chapters 4 and 5, n affects not only the stiffness of the 
interaction but also the length of the tail region. It was thought that both these 
parameters might govern the behaviour of granular heaps. All other parameters (such 
as friction and damping coefficients) were equal in all these simulations. Figure 6.2 
shows the results of three simulations using the linear spring interaction with varying 
values of the contact stiffness, k. 
The angle of repose for the stable heaps was measured directly using heap 
visualisation software. Attempts were made to compute the angle of repose directly 
from simulation data, but difficulties arose in uniquely identifying those particles on 
the free surfaces of the heap, and the data from direct visualisation was found to be 
more reliable. Because of the method of obtaining the data, it is difficult to establish 
an uncertainty in the measurements, however it is estimated to be approximately ±2°. 
Furthermore, as can be seen from the Figures, none of the heaps are perfectly 
symmetrical, and in a number of cases there was a considerable difference in the 
angles of repose for the two free surfaces. Thus, both are given in the results in 
Table 6.1. 
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Figure 6.1: 2D monodisperse heaps poured from a FF hopper with orifice, 
width So; located lOOaabove supporting substrate. 
Key: (a) n=24, (b) n=36, (c) n=72, (d) hybrid, n=72 in overlap region, n=36 in tail, 
(e) hybn·d, n=72 in overlap region, n=24 in tail 
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(a) 
(b) 
(c) 
Figure 6.2: 2D monodisperse heaps poured from a FF hopper with orifice, 
width So; located 60crabove supporting substrate (linear spn"ng interaction) 
Key: (a) k=SOOO, (b) k=lOOOO, (c) k=20000 
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Interaction model Angle of repose Angle of repose Figure 
(left-hand face) (right-hand face) 
n=24 16° 19° 6.1 (a) 
n=36 18° 24° 6.1 (b) 
n=72 27° 32° 6.1 (c) 
hybrid, n=72 I n=36 33° 280 6.1 (d) 
hybrid, n=72 I n=24 280 280 6.1 (e) 
k=SOOO 10° 90 6.2 (a) 
k=lOOOO 30° 32° 6.2 (b) 
k=20000 33° 33° 6.2 (c) 
Table 6.1: Static angles of repose for 2D monodisperse heaps poured from a FF 
hopper with an orifice, width So; located 100aabove supporting substrate 
The results indicate a strong dependence of the angle of repose on contact stiffness. 
For the continuous interaction, relatively stiff particle-particle interactions (high n) 
gave rise to higher angles of repose. There was little sensitivity of the angle of repose 
to the 'tail' region of the continuous interaction, as can be seen by comparing the three 
c..,d. e. 
n=72 simulations (Figure 6.1 &,h and •). This was a slightly surprising result which 
suggests that the bulk AOR may not be a very useful indicator of the interactions 
within a granular heap. The existing literature (Baxter et.al1997) illustrates how heaps 
with identical bulk angles of repose can display markedly different internal 
characteristics. Furthermore, the 'tail' region of the continuous interaction has been 
identified as an important factor for the mechanics of slow shearing flows (Langston 
1995; see also Chapter 7). The linear spring simulations (for which there is no 'tail' by 
definition) also showed a strong dependence of angle of repose on contact stiffness. 
6.2.1.2. Two dimensional, polydisperse assemblies 
A number of simulations were performed on two dimensional polydisperse 
assemblies, often binary mixtures, which are illustrated in Chapter 8 where the 
segregation properties of the mixtures are considered. The effect of interaction model 
and contact stiffness on poured angles of repose can be gauged by considering the 
heaps in Figures 8.13 and 8.14, for a binary mixture, size ratio 3:1. There was very 
little sensitivity of the poured angle of repose to either the interaction model or the 
contact stiffness; in all cases the heaps were fairly symmetrical with an AOR of -15°. 
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It emerged that any effect of the contact stiffness may have been over-ridden by other 
factors such as the method of heap formation; see section 6.2.6. The heaps formed 
were considerably shallower than comparable heaps of monodisperse particles. As 
discussed below, this was thought to be due to the increased impact of the feed stream 
on the heap, caused by the greater mass of the coarse phase in the mixture. 
6.2.1.3. Three dimensional monodisperse assemblies. 
Figure 6.3 shows the results of three monodisperse 3D simulations of poured heaps, 
. using the continuous interaction simulation with yarying stiffness index n. Each heap 
contained 20,000 particles. The angle of repose in these simulations is not exactly the 
same as that for the 2D heaps, as it is the angle of a 'heap' formed in filling a 
cylindrical container. Nevertheless it is thought that both types of heap are 
fundamentally similar. As can be seen there is very little sensitivity of the angle of 
repose to the contact stiffness, unlike for the 2D monodisperse simulations. As for the 
2D polydisperse simulations, the method of heap formation may have been more 
important; see section 6.2.6. 
6.2.2. Effect of contact friction angle 
A series of two dimensional, monodisperse simulations using the continuous 
interaction with n=36 (see Table 6.2 and Figure 6.4) revealed very little sensitivity of 
the poured angle of repose to the particle-particle contact friction coefficient ＨｾＩＮ＠ This 
suggests that failure in the heap was largely due to rolling rather than sliding, as 
previously suggested by the experimental findings of Frydman (t'974). Relaxation of 
the heap due to rolling is also in accord with the rather low angles of repose (< 30°) 
which are seen in these simulations. As outlined in Chapter 2, ｾｲｹ､ｭ｡ｮ＠ (197 4) found 
that the poured angle of repose of potash pellets was much lower than the internal 
angle of friction for the material found from a shear cell test. Teunou et.al (1995) 
concluded that the angle of repose was far more sensitive to inter-particle cohesion 
than internal angle of friction. On this basis, it is perhaps unsurprising that these 
simulations of cohesionless particles reveal little sensitivity of poured AOR to the 
contact friction angle. The extent to which failure occurs by rolling or sliding is 
examined directly for these simulations in Chapter 7. 
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(a) n=24; AOR=l8° 
. (b) n=36; AOR=l8° 
(c) n=72; AOR=l9° 
Figure 6.3: 3D monodisperse heaps for various values of continuous interaction 
index, n. Key: (a) n=24 (b) n=36 (c) n=72 
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Contact friction Angle of repose Angle of repose Figure 
coefficient (angle) (left-hand face) (right-hand face) 
0.1 (6°) Z9° Z3° 6.4 (a) 
0.5 (Z7°) zzo zoo 6.4 (b) 
0.6 (31 °) 18° 24° 6.4 (c) 
1.0 (45°) Z1° 20° 6.4 (d) 
Table 6.2: Static angles of repose for 2D monodisperse heaps (n=36) for FF hopper 
feed simulations with varying contact friction angle 
6.2.3. Effects of damping parameters 
A further series of two dimensional, monodisperse simulations examined the effect of 
varying damping parameters whilst holding all else constant. As mentioned in 
Chapter 4, the parameter of choice is the proportion of critical damping for the normal 
and tangential damping forces. As can be seen from the results in Table 6.3 and 
Figure 6.5, the angle of repose of the heaps is not particularly sensitive to the damping 
coefficients. 
Proportion of critical Angle of Angle of repose Figure 
damping for normal and repose (left- (right-hand face) 
tangential damping hand face) 
o.z 26° 23° 6:5 (a) 
0.5 18° 24° 6.5 (b) 
0.7 zzo zoo 6.5 (c) 
1.0 18° zzo 6.5 (d) 
Table 6.3: Static angles of repose for 2D monodisperse heaps (n=36) for 
varying proportions of critical damping in the simulation 
6.2.4. Effect of surface roughness 
As discussed in Chapter 5, the supporting substrate on which heaps were formed was 
made up of discrete particles fixed in position. The 'geometric roughness' of the 
surface was thought to be a parameter which might influence the poured angle of 
repose. This was varied by varying the spacing of the disks making up the surface. For 
a 'smooth' surface, each disk just touched its neighbours; the surface was roughened 
by increasing the spacing of the disks (either regularly or randomly) up to a few 
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(a) 
(b) 
(c) 
(d) 
Figure 6.4: 2D monodisperse heaps (continuous interaction, n=36) for FF hopper 
feed simulations with varying contact friction angle 
Key: (a) J.L=O.l ( ¢;=6°); (b) J.L=O.S ( ¢;=27°); (c) J.L=0.6 ( ¢;=31 °); (d) J.L=l.O ( ¢;=45°). 
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(a) 
(b) 
(c) 
(d) 
Figure 6.5: 2D monodisperse heaps (continuous interaction, n=36) for FF hopper 
feed simulations with varying contact damping ( t; =proportion of critical damping). 
Key: (a) t;=0.2; (b) t;=O.S; (c) t;=0.7; (d) t;=l.O 
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percent of the diameter. The results for a series of hopper feed simulations with 
varying roughness are shown in Table 6.4 and Figure 6.6. Varying the surface 
roughness appeared to have a marginal effect on the angle of repose. There was little 
difference between 'regularly rough' and 'randomly rough' surfaces. 
As is discussed more. generally below, it was thought that any effect of surface 
ro11:ghness might be outweighed by the method of heap formation, i.e., the rate at 
which particles were added. Thus, three simulations were also performed where the 
. particles were added to the heap one at a time. The angles of repose in the single-
. particle feed simulations were considerably higher than the corresponding hopper feed 
simulations, but the effect of varying surface roughness was fairly marginal in each 
case. Roughening the surface led to a slight reduction in the angle of repose. 
Surface roughness Method of AOR (left) AOR (right) Figure 
feeding 
smooth hopper feed 18° Z4° 6.6 (a) 
up to Z% (random) hopper feed zzo zoo 6.6 (b) 
Z% (regular) hopper feed 17° zoo 6.6 (c) 
5% (regular) hopper feed Z1° zoo 6.6 (d) 
smooth single-particle Z9° 37° 6.6 (e) 
ｾＥ＠ (regular) single-particle· 30° 3Z0 6.6 (f) 
3%. (regular) single-particle zgo zso 6.6 (g) 
Table 6.4: Static angles of repose for 2D monodisperse heaps (n=36) in FF hopper 
feed simulations for varying.degrees of surface roughness 
6.2.5. Effect of particle size distribution 
The ｴ･ｮ､･ｾ｣ｹ＠ of monodisperse particles to form crystalline assemblies was thought to 
be a factor of considerable importance for the angle of repose. A series of two-
dimensional "near monodisperse" simulations were performed, in which there was a 
narrow distribution of particle sizes; the smallest and largest particles in the 
distributions varied in diameter by up to 10%. The results are shown in Figure 6. 7 for 
three series of simulations using different interaction parameters, and are summarised 
in Table 6.5. 
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(a) 
(b) 
(e) 
(f) 
(c) 
(d) 
Figure 6. 6: 2D monodisperse heaps for simulations 
with varying surface roughness 
(a-d): hopper feed- (a) smooth surface; (b) random roughness (0-2%) (c) 2% 
regularly rough; (d) 5% regularly rough 
(e-g) single particle feed- (e) smooth; (/) 1% (regular); (g) 3% (regular) 
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Interaction model Polydispersity AOR (left) AOR (right) Figure 
n=36 0% 38° 33° 6.7 (a) 
n=36 2% 27° 27° 6.7 (b) 
n=36 5% 22° 22° 6.7 (c) 
n=36 10% 21° 24° 6.7 (d) 
hybrid, n=144/n=36 0% 38° 38° 6.7 (e) 
hybrid, n=144/n=36 2% 29° 32° 6.7 (f) 
hybrid, n=144/n=36 5% 38° 36° 6.7 (g) 
hybrid, n= 144/n=36 10% 24° 31° 6.7 (h) 
n=144 0% 35° 32° 6.7 (i) 
n=144 2% .38° 38° 6.7 G> 
n=144 5% 31° 29° 6.7 (k) 
n=144 10% 25° 22° 6. 7 (1) 
Table 6.5: Static angles of repose for 2D near-monodisperse heaps 
There was a noticeable effect on the angle of repose in most cases, particularly when 
the distribution was widened to a 10% maximum size difference. The relatively high 
angles of repose for monodisperse heaps reflect the degree of crystallisation in the 
structure of these heaps. Generally, increasing the level of ·polydispersity served to 
break up such structures and hence lowered the angle of repose. 
6.2. 6. Method of heap formation (impact of feed) 
The angles of repose in many of the above simulations are rather low, which is 
perhaps unsurprising given the discrete elements are cohesionless disks or spheres. 
However, it is well known that the method of heap formation has a significant 
influence on the angle of repose (for example, Brown and Richards 1970, Teunou et.al 
1995). The method of heap formation is parameterised here by considering the impact 
of the feed stream on the growing heap, i.e., the kinetic energy of the incident 
particles. The impact can be varied independently in two ways; by varying the overall 
feed rate (i.e., the hopper orifice size) or the height through which particles fall before 
impacting the heap. The former leads to a variation in the number of particles 
impacting per unit time and the latter leads to a variation in the kinetic energy of each 
impacting particle. 
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(a) (c) 
(b) 
. (e) (g) 
(f) 
(i) (k) 
Figure 6. 7: Snapshots of single-particle feed, near-monodisperse simulations. Each 
group of four simulations represents different interaction models; the size 
distributions for each group of simulations being: 
monodisperse ( 8 = 0%), 8 = 2%, 8 = 5% and 8 = 10% respectively. 
Key: (a)- (d): continuous interaction, n=36 
(e)- (h) hybrid interaction, n=144 in 'overlap, region, n=36 in 'tair region 
(i)- (l) continuous interaction, n=144 
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6.2. 6.1. Effects of feed rate 
Feed rate effects were examined by comparing the above results with those for 
simulations where the particles were added to the heap one at a time. The much lower 
feed rate for the single particle feed results in a much lower overall impact. The results 
are shown in Figure 6.8 and in Table 6.6. In these simulations, new particles were 
introduced 100 diameters above the substrate and allowed to fall under gravity. 
Interaction model Angle of repose Angle of repose Figure 
(left-hand face) (right-hand face) 
n=24 23° 25° 6.8 (a) 
n=36 31° 30° 6.8 (b) 
n=72 42° 40° 6.8 (c) 
hybrid, n=72 I n=36 35° 40° 6.8 (d) 
hybrid, n=72 I n=24 30° 30° 6.8 (e) 
k-=5000 35° 34° 6.8 (f) 
Table 6. 6: Static angles of repose for 2D monodisperse heaps poured one particle at a 
time from an initial drop height of JOOo: 
The angles of repose for these single-particle feed heaps were much greater than the 
corresponding hopper feed heaps given in Table 6.1. This was particularly noticeable 
for stiffer particle-particle interactions; the n=72 and k=5000 simulations. It appears 
that there was a much greater tendency in the hopper feed simulations for particles to 
bounce off those already in the heap and move down the free surface, resulting in a 
much lower angle of repose. This probably explains why the differences were so 
noticeable for simulations where the interactions were rather stiff; there was limited 
'engagement' (overlap) of the particles, and the high kinetic energy of the incident 
particles was not completely dissipated before the contact disengaged. Any remaining 
kinetic energy allowed the particles to move down the free surface. In contrast, if the 
interactions were relatively soft, there would be a prolonged period of overlap of 
incident particles with those already in the heap, allowing the kinetic energy to be 
dissipated more readily. Once again, a higher contact stiffness gave rise to a higher 
angle of repose. The interaction tail appeared to have more effect on poured AOR for 
single-particle feeding than for hopper discharge feeding. The general trend in each 
case was the same; reducing the value of n in the interaction tail, hence making the 
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(a) 
(b) 
(c) 
(d) 
(e) 
(f) 
Figure 6. 8: 2D monodisperse heaps poured one particle at at time, 
from JOOaabove supporting substrate 
Key: (a) n=24; (b) n=36; (c) n=72; (d) hybrid, n=72 in overlap region, n=36 in tail; 
(e) hybn·d, n=72 in overlap region, n=24 in tail; (f) k=SOOO 
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interaction 'softer' and more long-ranged, tended to reduce the poured AOR of the 
heap. 
6.2. 6.2. Combined effect of feed rate and free-fall height 
A series of funnel flow hopper feed simulations were performed with given interaction 
parameters but varying orifice size (feed rate) and free-fall height. The normal 
interaction in these simulations was a linear spring model with force constant 
k=20000. The results are summarised in Table 6.7 and illustrated in Figure 6.9. 
As can be seen, the poured AOR was extremely sensitive to the orifice width in some 
circumstances. Increasing the .width from 5 to 7 particle diameters had little effect (the 
heap was slightly more 'rounded' but the overall AOR was similar), but a further 
increase to 9 particle diameters had the dramatic effect of almost completely flattening 
the poured heap. Over the range of heights investigated, the poured AOR showed a 
moderate degree of sensitivity to free-fall height. As expected, increasing the free-fall 
height increases the overall impact on the heap, hence causing flattening. Nevertheless 
it appears that widening the area of impact of the feed (increasing the orifice size) had 
a more dramatic effect on the heap structure than increasing the free-fall height. 
Free fall height Orifice width Angle of repose Angle of repose Figure 
(diameters) (diameters) (left-hand face) (right .. hand 
face) 
100 5 30° 31° 6.9(a) 
100 7 31° 29° 6.9(b) 
100 9 11° 11° 6.9(c) 
150 5 29° 29° 6.9(d) 
250 5 25° 26° 6.9(e) 
Table 6. 7: Static angles of repose for 2D monodisperse heaps (k=20000) for 
varying free-fall height and orifice size 
A series of three 3D simulations was performed (fixed drop height) to assess the 
importance of feed rate. The results are shown in Table 6.8 and in Figure 6.1 0. 
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(a) 
(b) 
(d) 
(e) 
Figure 6.9: 2D monodisperse heaps poured from FF hoppers with varying free-fall 
height Hand orifice size S {linear spring ｩｮｴ･ｲ｡｣ｴｩｯｾ＠ k=20000) 
Key: (a) H=lOOa; S=Sa; (b) H=lOOa; S=7a; (c) H=lOOa; S=9a; 
(d) H=150a; S=Sa; (e) H=250a; S=So: 
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(a) 
(b) 
(c) 
Figure 6.10: 3D monodisperse heaps (Cl, n=36) poured at varying rates. 
Key: (a) low pouring rate (b) moderate pouring rate (c) high pouring rate 
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Feed rate Angle of repose Figure 
Slow (SO particles I time unit) 23° 6.10 (a) 
Moderate (190 particles I time unit) 18° 6.10 (b) 
Fast (450 particles I time unit) 11° 6.10 (c) 
Table 6.8: Angles of repose of three dimensional monodisperse heaps for n=36 
The impact of the feed stream clearly has a major influence on the poured angle of 
. repose, with considerable flattening of the heap ｾｳ＠ the feed rate increases. Finite-size 
effects are probably of some importance for this. As the heap increases in size, its 
overall inertia also increases, and thus the relative effect of an impact stream with 
fixed feed rate would be expected to diminish. In this sense the simulations may be 
examining an initial transient stage of heap formation. Nevertheless one can conclude 
that in general the rate of feeding is a very important parameter for the macrostructure 
of poured heaps. 
6.3. Dynamics of heap relaxation and avalanching 
As outlined in Chapter 2 there is a considerable literature on the dynamics of 
avalanching in "sandpiles". Some researchers suggested there to be a well-defined 
critical angle of repose at which the heap relaxed, others found that the stable angle of 
repose varied slightly from the maximum angle of stability. As outlined previously it 
is difficult to directly measure the angle of repose from particle positional data 
generated in a GD simulation. Instead, an implicit method of examining avalanche 
dynamics was employed. Heaps were formed by pouring the I?articles onto a narrow 
plate. The number of particles taking part in avalanches was continuously monitored 
over time simply by counting the number of particles which had fallen from the plate. 
The results suggest that avalanche dynamics are more sensitive to the rate at which the 
heap is fed than to any other parameter. Much of the existing literature focuses on 
heaps fed at or close to the "infinitely slow" limit, where the fluctuations caused by 
the addition of one particle are allowed to dissipate before the next is added. The 
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results show that avalanches are highly discretized under these conditions. The 
experiments on segregation discussed in Chapter 8.3 show that slowly-fed heaps 
exhibit stratification patterns consistent with a series of avalanches down the free 
surfaces of the heap, each avalanche resulting in a pair of layers being formed. 
However, as the feed rate is increased the flow of particles down the free surface 
becomes near-continuous; there are no discrete avalanches as such. 
Due to the desire to employ a realistic feeding mechanism (feeding from a hopper) and 
. the relatively small size of the heaps, most of the simulations presented in this study 
exhibited near-continuous flow rather than discrete avalanching behaviour. Two 
hopper-fed simulations with pouring onto a plate are illustrated in Figure 6.11. The 
feed rate was the same for each simulation, but the width of the plate was different. 
The simulation in Figure 6.11 (b) was a higher impact case due to the smaller overall 
size of the heap on the plate. For each simulation, the total number of particles which 
had fallen from the plate is shown as a function of time in Figure 6.12. In each case, 
after an initial transient period in which the heap was formed on the plate, there was 
near-continuous avalanching of particles off the plate. The gradients of the lines varied 
slightly over time, indicating very slightly discontinuous flow off the plate, but the 
variations were rather small. 
In marked contrast, Figure 6.14 illustrates the number of particles falling off the plate 
for two small-scale simulations in which particles were added one at a time to the 
growing heap at different rates (see Figure 6.13). Note that due to the single-particle 
feed mechanism, the overall scale of the heaps was somewhat smaller than the hopper 
feed heaps. There were clearly well-defined, short-lived avalanches in which a number 
of particles fell from the plate, interspersed with relatively long periods during which 
the heap re-assembled. There was a wide variation in the sizes of avalanches. As the 
feed rate was increased, so there was an increased tendency towards continuous flow, 
but the discrete avalanches were still clearly discernible. 
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(a) 
(b) 
0 
t;P 0 
0 
0 
Figure 6.11: Continuous avalanching in 2D hopper feed 
simulations with "heaps,, being formed on a plate. 
Key: (a) wide plate I low impact; (b) narrow plate I high impact 
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The angle ofrepose 
(a) 
0 
0 0 
0 
:::: : ｾ＠ ｾ＠
(b) 
0 
0 
00 
0 
0 
0 
Figure 6.13:Discrete avalanching in 2D single-particle feed simulations of "heaps,, 
forming on a plate. Key: (a) low feed rate I impact; (b) high feed rate I impact 
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6.4. Discussion and Concluding Remarks 
The above results suggest that the poured angle of repose is not particularly useful as 
an indicator of the properties of cohesionless particles, as has sometimes been 
suggested in the literature. The sensitivity of the angle of repose to various parameters 
is as follows: 
o very sensitive to the method of heap formation (impact of feed) 
o quite sensitive to particle-particle contact stiffness 
e quite sensitive to particle size distribution (small degree of polydispersity) 
Q moderately sensitive to surface roughness (when impact low) 
a relatively insensitive to contact friction angle 
o relatively insensitive to contact damping 
Of these, the method of heap formation is by far the most significant. Perhaps most 
importantly, the results suggest that macroscopic properties such as the poured angle 
of repose are insufficiently sensitive to allow discrimination between assemblies with 
quite different interaction dynamics. This supports the argument outlined in Chapters 
3 and 4 that mesoscopic properties (at the lengthscale of a single particle diameter) are 
required in order to characterise poured heaps in any meaningful way. 
Previously, the stable angle of repose has often been identified with the internal angle 
of friction of the material. This may be the case if relaxation of the heap to the angle of 
repose occurs due to bulk sliding. However the results of the above simulations 
suggest rolling of particles is more important, hence the relatively low angles of 
repose in most cases and the insensitivity of the angle of repose to the contact angle of 
friction within the model. 
The dynamics of heap relaxation and avalanching were also found to be most closely 
related to the feed rate. Possibly due in part to finite-size effects, well-defined 
avalanches were only observed in simulations where particles were added to the 
growing assembly one at a time. This is obviously quite unrealistic for real granular 
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heaps. Nevertheless, one can conclude in general that if the feed rate is low, heaps are 
likely to relax by way of discrete avalanches and will transform to near continuous 
relaxation at some critical feed rate. As will be further discussed in Chapter 8, this has 
implications for segregation and stratification phenomena in real heaps. 
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Chapter 7 Microstructural Properties of Granular Heaps 
7 .1. Introduction 
The main conclusion of the previous Chapter echoes that of the previous hopper flow 
study of Langston (1995); that 'bulk' properties of granular assemblies (in this case, 
the angle of repose of a heap) are relatively insensitive to the material properties of the 
constituent granules. This Chapter examines whether more sophisticated 
. 'microstructural' imaging of the heaps, for which granular dynamics simulation is 
ideally suited, can elucidate further information. The parameters of interest here 
include the distribution of forces on the supporting base (which has received 
considerable literature attention), the distributions of normal and tangential forces 
within the heap, internal velocity and voidage distributions, also the distributions of 
particle co-ordination number within the heaps. As outlined in Chapter 6, a large 
number of granular dynamics simulations were performed, encompassing a wide 
spectrum of material and process parameters. 
7 .2. Distributions of forces on the base 
7.2.1. Two dimensional monodisperse heaps, single particle feed 
The contact forces on the base were first computed for early simulations of 2D 
monodisperse systems where particles were added to the heap one at a time; the total 
system size was of the order of 1000 particles. Figures 7.1 and 7.2 show the 
distributions of normal and shear forces on the base for four different simulations, as 
given in Table 7.1. The reduced unit of force shown was the particle weight, mg, and 
the position on the base was expressed in units of the particle diameter. 
Interaction model Normal force Shear. force 
continuous interaction, n=36 Figure 7.1 (a) Figure 7.2 (a) 
continuous interaction, n= 144 Figure 7.1 (b) Figure 7.2 (b) 
linear spring, k=500 Figure 7.1 (c) Figure 7.2 (c) 
linear spring, k= 1000 Figure 7.1 (d) . Figure 7.2 (d) 
Table 7.1: Summary of early 2D monodisperse simulations (single-particle feed) for 
which the profiles of normal and shear stresses on the base were computed 
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The data is valid in that the integral of the normal force profiles (i.e., the area under 
the curves) in all cases corresponds to the total weight of the heap (to within 2% or 
less). Similarly, the integrals of the shear force profiles are very close to zero, hence 
the heaps were clearly in a near-equilibrium state. The shear force passes through zero 
at the centre line of the heap; all the shear forces are directed outwards. 
The result for the continuous interaction with n=36 (Figure 7.1a) is noteworthy. The 
normal force at the base passes through a local minimum below the centre line of the 
. heap; this local minimum is some 20-25% lower than the peak normal force, which is 
found about one third of the distance between the centre line and the edge of the heap. 
This so-called 'M' -shaped profile is in remarkably close agreement with the 
experimental result of Smid and Novosad (1981), which, as discussed in Chapter 2, 
has given rise to much discussion within the granular community. The corresponding 
shear force profile (Figure 7.2a), whilst somewhat 'noisy', also appears to agree quite 
closely with the experimental findings of the same authors. The profile is 'S' -shaped, 
with peak shear forces either side of the centre line, very close to the positions of the 
peak normal forces in the 'M' profile. The shear forces are directed outwards from the 
centre of the heap. Figure 7.3 shows the evolution of the normal force distribution as 
the n=36 heap was formed. The local minimum in normal force at the centre line was 
established in the early stages of heap formation and became deeper as the heap grew. 
The result is also quite similar to that obtained by Smid and Novosad (1981). 
The results for n=144 (Figures 7.1b and 7.2b) suggest that the profiles are strongly 
sensitive to the particle-particle interaction potential. The normal force distribution is 
sharply peaked; the maximum normal force is very close to the centre line of the heap. 
The shear force distribution is less drastically affected although the peaks in the 'S' 
profile are considerably closer to the centre line. 
The force profiles were also calculated for two simulations using the linear spring 
interaction model, with spring constants k=SOO and 1000 respectively. The results 
correspond quite closely to the result for n=144. There is a very slight dip in the 
normal force at the centre for the softer of the two interactions (Figure 7.1 c) although 
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this is less than 10% of the peak stress and is perhaps not particularly significant. The 
distribution for k=lOOO (Figure 7.1d) is near-parabolic apart from being somewhat 
flattened towards the centre. The corresponding shear force profiles (Figures 
7 .2c and 7 .2d) retain the basic 'S' shape and are less noisy than the profiles for the 
continuous interaction simulations, but are otherwise unremarkable. The distributions 
of shear force on the base are far less sensitive to the interaction model than those of 
the normal force . 
. It is evident that the stiffness of particle-particle interactions (and/or the length of the 
· interaction 'tail' region for the continuous interaction simulations) has a considerable 
bearing on the distribution of normal forces on the base. In light of the above results, 
the concept that the rigidity of the supporting surface is important (see Chapter 2) is 
quite convincing. There is an appealing analogy between a surface which sags under 
. . 
the weight of material and soft particle-particle interactions, which allow relatively 
high degrees of 'overlap' and hence allow particles to penetrate some. distance into the 
supporting substrate. 
ＷＮＲＮｾＮ＠ Two dimensional monodisperse heaps, hopper feed 
Figure 7.4 illustrates the distributions of ·normal force on the base of three heaps in 
ｳｩｭｵｬｾｴｩｯｮｳ＠ using the· continuous interaction model with various values of n 
(snapshots of the heaps are shown in Figures 6.la, 6.lb and 6.1c). There are much 
greater fluctuations in the normal force than was the case for the single particle feed 
simulations, with very high normal forces at relatively few points on the base, mostly 
towards the centre of the heap. On this evidence it would seem that the relatively 
smooth distributions of normal force on the base seen in most work in the literature 
(and in the single particle feed simulations) are somewhat unrealistic. However, as 
shown by Figure 7.5, a remarkably different picture is produced by coarse-graining of 
the point force data (i.e., taking local averages over small areas of the base). Naturally, 
this process results in a certain smoothing of the distribution, but particularly for the 
n=24 simulation (Figure 7 .Sa), there is also a noticeable 'dip' in the normal stress in 
the central part of the base which is not apparent from the raw data. Thus it is clear 
t.hat experimental or numerical data on the stress distribution beneath a heap of 
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continuous interaction model. /(ey: (a) n=24; (b) n=36; (c) n=72 
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granular material should be analysed carefully. One should bear in mind that point 
forces on the base may fluctuate considerably about the local average. 
The effect of contact friction angle on the local-averaged normal force distribution on 
the base (n=36 simulations) is shown in Figure 7 .6. The corresponding snapshots are 
shown in Figure 6.4. An interesting point of note here is that the clear asymmetry of 
the heaps, seen in the snapshots, is not evident from the distributions of normal force, 
which are fairly uniform about the centre lines of the heaps. Local minima in the 
. contact force at the centre are most evident for fairly smooth particles with low contact 
friction angles, although the differences are fairly marginal. Figure 7. 7 shows the 
contact force distributions for simulations with varying contact damping (as shown in 
Figure 6.5). Once again there appears to be marginal sensitivity of the contact force 
distribution to the varying material parameter. 
7.2.3. Two dimensional near-monodisperse assemblies 
Figure 7.8 shows the distributions of forces on the base for four simulations (n=36) 
where the maximum and minimum particle sizes differed by between 0% and 10% 
(the corresponding snapshots are Figures 6.7a to 6.7d). As can be seen, varying the 
polydispersity has little effect on the distributions. It appears that although crystalline 
structures in the bulk are broken up by the polydispersity, this is not reflected in the 
base force distributions. In almost all cases there is the slight dip in the normal force 
on the base towards the centre of the heap, which seems to be a characteristic of 
simulations using the continuous interaction rather than linear spring model. However, 
the distributions for n=144 and hybrid interaction model simulations (not shown here) 
were also computed and found to be very similar to those for the n=36 simulations. As 
mentioned previously, increasing the value of n makes the interaction more like a 
linear spring form (in the limit of high n the CI and linear spring are identical), 
however in this case it appears that the base force distribution is relatively insensitive 
to the form of the interaction model. 
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Microstructuralproperties ofgranular heaps 
7.2.4. Two dimensional, widely polydisperse assemblies 
Figure 7.9 shows the normal force distributions on the base of the two dimensional 
heaps of binary mixtures, size ratio 3:1, which are illustrated in Figures 8.13 and 8.14. 
For stiffer particle-particle interactions, there were larger local fluctuations in the force 
on the base. Nevertheless, in general the distributions for the four heaps were quite 
similar, with a peak normal force towards the centre of the heap. The dips in normal 
force towards the centre, seen in the monodisperse simulations, were not repeated 
here. The evidence suggests that the dip in normal stress at the centre is the exception 
. rather than the rule, due to monodispersity and/or the single particle feed mechanism. 
7.2.5. Three dimensional, monodisperse assemblies 
Figures 7.10 and 7.11 show the force distributions on the base for the two series of 3D 
monodisperse heaps illustrated in Figures 6.3 (varying n) and 6.10 (varying fill rate, 
n=36) respectively. The normal forces on the base were locally averaged over small 
rectangular areas. The three dimensional perspective views on the left hand side of the 
Figures show the normal force on the vertical axis as a function of position on the 
base, with the depth of the surface at any point (and the colour coding) indicating the 
local average normal force. Note that all the normal forces on the base are negative; 
zero normal force is shown as a point at the top of the vertical axis. The regions of 
zero normal force at the comers of the domain are due to the necessity of mapping the 
force distributions onto a rectangular grid, whilst the heaps were formed on a circular 
supporting base (hence there were no particles imparting normal forces on the extreme 
comer regions). On the right hand side of the Figures are corresponding views of the 
distribution from directly above the domain, giving a clearer overall view. In all cases, 
the integral of the normal forces on the base corresponded closely with the total mass 
of the heap, indicating that near-equilibrium conditions had been reached. 
The results show the distributions to be fairly uniform in most cases; however, 
ll 
Figure 7. It does reveal some sensitivity to the value of n. Surprisingly, the 
distribution appeared to become less homogeneous with increasing n; the distribution 
for n=72 shows a number of 'networks' of high load bearing areas in contrast to a 
fairly uniform force distribution for n=24. This suggests a higher degree of 
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Figure 7.10: Distributions of forces on the base for 3D monodisperse heaps (n=36). 
Each pair of views refers to a single simulation. Key: (a& b) slow pouring rate (cf 
Figure 6.1 Oa), (c&d) moderate pouring rate (cf Figure 6.1 Ob), (e&f) high pouring 
rate (cf Figure 6.10c). Views (b), (d) and (j) are overhead views of the distributions 
shown by the perspective views (a), (c) and (e) 
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Figure 7.11: Distributions of forces on the base for 3D monodisperse heaps 
(varying n). Each pair of views refers to a single simulation. Key: (a& b) n=24 (cf 
Figure 6.3a), (c&d) n=36 (cf Figure 6.3b), (e&f) n=72 (cf Figure 6.10c). Views (b), 
(d) and (j} are overhead views of the distributions shown by the perspective views 
(a), (c) and (e) 
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preferential loading on specific areas of the base for higher values of n, in tum 
suggesting that there may be greater 'long range connectivity' within the assembly 
(this term is more fully discussed below). This issue is further investigated in the 
following sections which examine internal contact forces and co-ordination numbers. 
There is little sensitivity of the base force distribution to the pouring rate for n=36 
.simulations; Figure 7.1 D shows the distributions for the three heaps to be qualitatively 
very similar . 
. 7 .3. Contact forces within the heaps 
7.3.1. 2D monodisperse heaps, single particle feed 
Chapter 2 describes how dips in the normal force at the centre have previously been 
reconciled with arching within the heap. This appears to be the case in these 
simulations. Distributions of the magnitudes of normal contact forces for the four 
. . 
simulations are illustrated in Figure 7 .12. As can be seen, in all cases particles near the 
top and the free surfaces bear little of the self-weight load; the contact forces increase 
moving inwards from the free surfaces. However, the contact force distribution in the 
centre of the heap differs markedly in the n=36 simulation compared to the other 
ｴｨｲｾ･Ｎ＠ For the former, there is a region .of ｭｯ､ｾｲ｡ｴ･＠ normal contact forces (5-10 times 
the particle weight) which is effectively isolated from the rest of the heap by an arch 
of high load-bearing particles. In the other three simulations, the. regions of high load-
bearing particles extend right across the lower central region of the heap. The arching 
in the n=36 simulation is shown more clearly in Figure 7.13, which show distributions 
of the normal force vectors for the four ·simulations. Each line is centred at the point of 
particle-particle interaction and its length is proportional to the magnitude. Forces of 
less than 5 mg have been omitted from these distributions for clarity. For all four 
simulations, in the. outermost regions of the heap the contact forces are concentrated 
preferentially into chains extending outwards from the centre; any components of 
normal force perpendicular to these 'principal' directions are small. For the n=144 and 
the two linear spring simulations, the contact force distribution in the lower central 
region of the heap is quite homogeneous; the forces vary relatively little in magnitude 
and there is no 'preferential' direction. The lower central region of the n=36 heap is 
quite similar, however the contact forces are weaker than for the other simulations and 
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the arch which isolates this region from the rest of the heap is clearly shown. Thus, the 
results of these simulations support the notion that stress dips on the base of the heap 
coincide with arching within the heap. 
Chapter 2 outlines how previous numerical and theoretical work has suggested a 
probability distribution of internal contact forces of the form: P(w) = Ce-Aw where w is 
the contact force and C and A are constants; this should yield a· straight line with 
negative gradient for a plot of (In P) against w. This data is illustrated for the four 
. simulations, along with least-squares linear regre.ssions, in Figure 7.14. The straight-
line fit is not particularly good in any of the four cases (the regression coefficient is 
always below 0.9) although a number of marked differences are noticeable. The 
continuous interaction simulations, particularly the n=36 simulation, show closer 
correlation with the straight-line fit and a stronger dependence of P on w, manifest in 
the steeper gradient of the best fit line. The result for n=36 is noticeably different from 
the other three in that ln(P) is much lower for the highest values of w. This means that 
there are very few contact forces within the heap that are. nearly as strong as the 
maximum force. In contrast, for the other three simulations, there are a substantial 
number of contact forces nearly as strong as the maximum. Overall, this data shows 
that there is a much more heterogeneous normal force distribution within the heap for 
the n=36 simulation than for the others, indicating greater concentration of stress into 
well-defined regions within the heap. This was considered further by analysis of the 
tangential contact forces. 
7.3.2. Two dimensional monodisperse assemblies, hopper feed 
Figure 7.15 shows the distributions of internal contact forces fqr the four hopper feed 
simulations with varying contact friction angle. The distribution for the smoothest 
particles Ｈｾ］ＰＮＱＩ＠ most closely resembles that for the single particle feed simulations; 
there are principal lines of force extending outwards from the centre at a higher angle 
of inclination than the heap itself, resulting in a small region in the lower central part 
of the heap being isolated by way of an arch from the rest of the heap. As the contact 
friction angle increases, so the internal force distributions become less homogeneous; 
there is a greater concentration of contact forces into narrow bands in certain regions 
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of the heap. The statistical distributions of contact forces are shown in Figure 7.16. 
Despite the apparent visual differences in the distributions, tl}is shows that in fact the 
four distributions are very statistically similar. There is very little difference in either 
the range or the distribution of forces across that range. Note that the closeness of fit 
to an exponential form is much closer than was the case for the single-particle feed 
simulations; this may be partly due to the increased sample size in the hopper feed 
simulations. It appears that the model for internal contact forces described in 
Chapter 2 is reasonably well supported by the simulation results. 
Z3.3. Two dimensional near-monodisperse assemblies 
Figure 7.17 shows the distributions for the 2D near-monodisperse simulation 
previously shown in Figures 6.7 and 7.8. The distributions are not greatly affected by 
the degree of polydispersity within the heap. In all cases there is some evidence of 
arching, and a sub-region of relatively low contact forces within the region where the 
contact forces are highest (towards the lower central part of the heap). It appears to be 
the case that the particle-particle interaction model has a stronger influence on the 
internal contact force distribution than does the degree of polydispersity in the 
assembly. 
Z3.4. Two dimensional widely polydisperse assemblies 
Figure 7.18 shows the internal contact force distributions for the four 2D widely 
polydisperse simulations discussed in the previous section. As can be seen, the 
distributions for the continuous interaction simulations are considerably less 
homogeneous than those for the linear spring simulations. There is more evidence of 
preferential loading along clearly defined networks for the former. Especially towards 
the centre and lower regions of the heaps, the distributions are fairly uniform for the 
linear spring simulations. This is further evidence to suggest (albeit tentatively) that 
continuous interaction models give rise to greater 'long range connectivity' in granular 
heaps. 
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Microstructuralproperties ofgranular heaps 
7.3.5. Three dimensional monodisperse simulations 
Figures 7.19 and 7.20 illustrate the internal contact forces within the 3D heaps for 
which the base force distributions were presented in the previous section. The colour 
coding of each particle indicates the net contact force on the particle. The particles 
near the top of the heap bear least of the weight and thus experience the lowest contact 
forces. Deeper in the heaps, there is some evidence of networking of particles 
experiencing high contact forces; looking at the midplane of the heap reveals that a 
rather higher proportion of particles suffer high contact forces than is revealed from an 
. external view. Interestingly, the result for the much flatter heap at the highest feed rate 
is quite similar to the other two. The main sensitivity to the potential hardness, n 
(Figure 7.20) seems to be that the self weight is more evenly distributed throughout 
the heap for higher values of n; fewer particles overall suffer high contact forces. 
7.4. Voidage and coaordination number distributions, 'long range connectivity' 
7.4.1. Two dimensional monodisperse heaps, single particle feed 
The density distributions within 2D monodisperse heaps are presented qualitatively in 
Figure 7.21, for continuous interaction (n=36) and linear spring (k=500) simulations. 
The Figure also shows the distributions of particle co-ordination number in the heaps, 
which varies from three (grey) near the surfaces to six (red), the closest possible 
packing of monodisperse disks, in some regions towards the centres of the heaps. 
Figures 7.21a and 7.2lb show centre-to-centre vectors between the particles, which 
effectively illustrate the network structure and the voidage distribution. Lighter 
regions on the Figures indicate high voidage. There is evidently a considerable 
difference between the linear spring and continuous interaction simulations. For the 
former, the wings of the heap are fairly uniform and moderately dense. The central 
part of the heap is at a slightly lower, fairly uniform density, except for a small high 
density region at the very base of the heap. In marked contrast, the packing density for 
the continuous interaction heap is highly non-uniform. The very centre of the heap, 
around halfway between the apex and the base, has a low density (lighter shading), 
surrounded by regions of marked change in local density corresponding to the arch 
seen in the normal force distribution (Figure 7.13a) and flanked by a patchwork of 
compacted regions close to the base. There are quite sharp transitions between the 
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(a) 
(c) 
(e) 
(b) 
(d) 
(f) 
Figure 7.19: Illustration of internal contact forces for 3D monodisperse 
heaps (n=36). Each pair of views refers to a single simulation. 
The colour of particles represents the net contact force suffered by the particle: 
yellow/blue/red -)-lowest I moderate I highest 
Key: (a& b) slow pouring rate (cf Figure 6.1 Oa), (c&d) moderate pouring rate (cf 
Figure 6.10b), (e&f) high pouring rate (cf Figure 6.10c). 
Views (a), (c) and (e) are side-on; (b), (d) and (f) are midplane sections 
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(a) 
(c) 
(e) 
(b) 
(d) 
(f) 
Figure 7.20: Illustration of internal contact forces for 3D monodisperse 
heaps (varying n). Each pair of views refers to a single simulation. 
The colour of particles represents the net contact force suffered by the particle: 
yellow/blue/red ---+lowest I moderate I highest 
Key: (a&b) n=24 (cf Figure 6.3a), (c&d) n=36 (cf Figure 6.3b), 
(e&f) n=72 (cf Figure 6.10c). 
Views (a), (c) and (e) are side-on; (b), (d) and (j) are midplane sections 
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most highly compacted and moderately dense material in these regions, with 'bands' 
of compacted material extending outwards from the lower central part of the heap 
towards the free surfaces. It is believed that these sharp transitions in density are 
similar to the 'shear bands' or 'rupture zones' seen in experiments on hopper outflow 
and the granular dynamics simulations of Langston (1995) who used the continuous 
interaction model. 
The differences between the two simulations are clearly illustrated by the coordination 
. number plots in Figures 7.21 (c) and 7.21 (d). For the n=36 simulation there are abrupt 
changes in co-ordination number corresponding to the 'shear bands' seen in the 
density plots. In marked contrast, the distribution of co-ordination numbers for the 
linear spring simulation is much more uniform; most of the heap is nearly perfectly 
packed (with a co-ordination number of six) except for the central region which has a 
co-ordination number of five. The abrupt changes in co-ordination number in the 
continuous interaction simulations are typical of the shear banding behaviour observed 
in experiments and simulations in the literature (for example., Oda et.al 1996). In this 
sense the continuous interaction model appears to give a more realistic representation 
of the mechanics of slow shearing granular flows and heap formation. 
As mentioned in Chapter 4, it was believed that the marked difference in the 
simulation results for different interaction models was due to the extended 'tail' region 
of low-load engagement offered by the continuous interaction model; that this tail 
region led to stress-strain 'connectivity' of near-neighbouring particles in a quite 
different way to the linear spring (or Hertzian) interaction, the latter giving rise to 
largely isolated pairwise interactions between neighbouring particles. To test this 
supposition, two continuous interaction simulations were performed in which n=144 
but the outer radius of interaction (i.e., the truncation centre-to-centre separation r0 for 
the interaction) was varied. 
The results for r0 =1.2cr and r0 =1.047cr are shown in Figure 7.22. The distribution for 
the short tail (Figure 7.22a) more closely resembles that for the linear spring 
interaction (Figure 7.2la); the shear banding in the lower part of the heap largely 
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disappears and the density here is quite uniform, with somewhat looser packing in the 
upper central part of the heap. In contrast, the simulation with the 'long tail' 
(Figure 7.22b) shows a considerable amount of shear banding in the lower regions of 
the heap. Because the n=144 force decays very quickly for r>cr, the normal interaction 
forces in the extended tail region (i.e., 1.047cr < r < 1.2cr) of the second simulation are 
very weak. However, it is significant that there is interaction at all; as mentioned in 
Chapter 4, this gives rise to a greater degree of coupled particle motion within the 
assembly, especially by way of rotation. 
When the interactions are relatively soft as in n=36 simulations, one problem is that 
relatively high degrees of overlap between neighbouring particles can occur, as the 
repulsive normal interaction initially rises with overlap at a modest rate. However, it 
appears that long-range connectivity is best reproduced with a relatively soft, slowly 
decaying interaction beyond r=cr. One possible solution is to use a hybrid interaction 
potential, where the value of n changes at some critical separation. The most sensible 
choice for this separation is r=cr, hence decoupling the overlap region of the potential 
from the tail. Figure 7.22(c) shows the result of such a simulation, with n=l44 and 
n=36 in the overlap and tail regions respectively. The overlap of neighbouring 
particles is minimised, nevertheless the assembly displays shear banding and long-
range connectivity. The result shows that the overlap region is probably of little 
significance for the connectivity of particles in a matrix. A criticism often levelled at 
granular dynamics simulation concerns the tendency for GD simulations to allow 
significant overlaps, often due to the computational limitations imposed by very stiff 
interactions (which require very small time-steps). Assuming that the computational 
issues can be resolved, this evidence suggests that the stiffness of interactions is 
relatively unimportant for reproducing many of the features of real granular 
assemblies. The coordination number plots shown in Figures 7.22 (d-f) confirm that 
both lengthening and 'softening' the tail region of the interaction serve to increase the 
degree of banding in the lower part of the heap. 
Long-range connectivity (LRC) is defined as the co-operative behaviour of granular 
particles at and above the lengthscale of the particle size. The concentration of dilation 
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into narrow failure zones in shear cell tests, the appearance of rupture zones in hoppers 
and the spontaneous organisation of particles in consolidated granular assemblies into 
networks of load-bearing particles are practical examples of LRC. As suggested in 
Chapter 4 and above, in order to reproduce LRC in computer simulations it is 
necessary to use particle-particle interaction models with certain important features 
(most notably the tail region). 
To ascertain the reasons for this it is necessary to consider the mechanics of slow 
. shearing granular flows (where the normal loads are typically rather low but there is 
extensive assembly deformation, such as in avalanching within a heap). Such flows 
are typified by prolonged engagements and a high degree of coupling between 
neighbouring particles. It is significant that a pair of particles is embedded in a local 
matrix of others and this should be accounted for. Thus, particle-particle interactions 
should be relatively soft and long-ranged, allowing each particle to interact with many 
of its neighbours at the same time. Experimental evidence on the relative insensitivity 
of hopper wall stresses and discharge rates to the material constants (elastic moduli) of 
individual particles (for discussion, see Langston 1995) suggests that the simulation 
strategy is not invalidated by using soft particle-particle interactions. Isolated pairwise 
particle-particle interactions fail to capture the mechanics of such flows. As discussed 
in Chapters 3 and 4, Hertzian contact mechanics demands that the interaction force 
between two spheres of undeformed diameter a is set to zero at and above a centre-to-
centre separation of r=a. Thus, two adjacent spheres which do not overlap are 
effectively isolated. In contrast, for the continuous interaction there is explicit 
provision for a higher degree of connectivity between particles. Interaction 'forces' 
between granules separated by more than the nominal particle diameter are at face 
value difficult to justify, but they reflect the apparent 'awareness' of particles in slow 
shearing flows of local microstructure. In fact, interactions in most of the tail region 
are much weaker than the gravitational attraction, nevertheless they give rise to a 
considerable degree of connectivity, especially by way of rotation. In fact, the normal 
interactions within the tail region are probably of little significance apart from 
providing such enhanced rotational coupling. Much more important is the extended 
degree of tangential engagement which is a consequence of the interaction tail. 
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Figure 7.23 shows the evolution of the density distributions during avalanches. In each 
case, an avalanche takes place down the right-hand free surface of the heap over the 
time period covered by the three snapshots. Avalanches are initiated when 
mechanically unstable structures appear on the free surface, as shown in Figs. 7.23a 
and 7 .23d. The avalanche is apparent as an open framework on the free surface, 
showing that the 'flowing voidage' at the free surface during an avalanche is much 
greater than the 'quasi-static voidage' at other times. The interiors of the heaps are 
. largely unaffected by the avalanches, which are restricted to regions a few particle 
diameters thick. Heap evolution in the linear spring simulation appears to take place 
by small numbers of particles rolling down the sides of the growing structure; the 
narrow 'avalanche region' is right at the free surface. This is in contrast with the 
larger-scale avalanches of the continuous interaction simulations. Thus, the shorter-
ranged linear spring interaction gives rise to little collective particle motion within the 
matrix. 
7.4.2. Two dimensional monodisperse, hopper feed 
Figure 7.24 illustrates the co-ordination number distributions for three pairs of 
continuous interaction simulations with varying contact stiffness (value of n), for 
hopper feed simulations and for single particle feed simulations repeated for 
comparison. The contact stiffness has a marked effect on the packing within the heaps. 
The packing is much more heterogeneous across the heaps for simulations with soft 
particle-particle interactions; towards the centre, regions of dense packing are 
interspersed with more loosely packed regions. As the contact stiffness increases, the 
packing becomes less dense overall and more homogeneous, especially for the single 
particle feed case. As mentioned previously, increasing the value of n shortens the tail 
region of the interaction and the interaction more closely resembles a linear spring 
form. In this situation, the value of n has a greater effect on the packing distribution 
than the nature of the feed. The 'convergence' of the packing towards that of a linear 
spring simulation with increasing n is confirmed by considering Figure 7.25, which 
shows co-ordination number distributions for hopper feed simulations with three 
different values of k. The packing is looser than for the continuous interactions, and 
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almost evenly distributed across the whole heap. Notice that whilst the angle of repose 
is generally greater for these simulations, it is possible for continuous interaction 
simulations (relatively high n) and linear spring simulations (relatively low k) to have 
similar angles of repose but very different packing distributions. This is further 
evidence to suggest that the angle of repose is not a particular! y useful indicator of the 
.nature of heaps. 
Surprisingly in light of other results, there is little sensitivity of the packing structure 
to the feed mechanism (compared to the much stronger sensitivity to n). Despite the 
considerable differences in angles of repose, the packing structures shown in 
Figures 7.24(d-f) quite closely resemble the corresponding structures for hopper feed 
simulations. 
7.4.3. Three dimensional monodisperse assemblies 
Figure 7.26 shows coordination number distributions for the two series of 3D 
simulations. Unlike the 2D simulations there is rather moderate sensitivity to the 
interaction potential (value of n) for a given fill rate, however the 2D and 3D results 
are . similar in that there is also moderate sensitivity to the fill rate for given n. The 
mean and modal coordination numbers (around 6.0 and either six or seven 
ｲ･ｳｰ･ｾｴｩｶ･ｬｹＩ＠ and the approximately binomial nature of .the ､ｩｾｴｲｩ｢ｵｴｩｯｮｳ＠ correspond 
well with experimental measurements of random packings of monodisperse spheres 
(Bernal & Mason 1960, German 1989). ·Note that there is an extended 'tail' of the 
distribution towards a coordination number of zero. In 'classical' experiments or 
simulations of packing, a container is filled with particles and thus there are no free 
surfaces (where particles may have coordination numbers les$ than three) as in these 
simulations. 
7 .5. Tangential displacement ratio 
Rather than examine the tangential contact forces directly (which are ultimately 
coupled to the normal forces via Amonton's 'law' of friction), it was decided to 
instead analyse the distribution of (normalised) tangential strain by examining the 
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'tangential displacements' within the heap. As discussed in Chapter 4, the tangential 
force is calculated from a Mindlin-type model, dependent on the ratio of the local 
tangential displacement (op) to the displacement which results in the contact 
effectively being broken at gross sliding (Omax>. This ratio gives a measure of how 
close a local region within the heap is to failure or 'rupture' by sliding. 
7.5.1. Two dimensional monodisperse assemblies -effect of interaction model 
Figure 7.27 illustrates the distribution of contact tangential displacement ratios for the 
. series of four single particle feed 2D monodisperse simulations discussed in previous 
sections. The snapshots are from an intermediate time in the heap formation process. 
Each contact is colour-coded depending on the value of Op/ Omax· A substantially 
higher proportion of contacts are close to gross sliding for the linear spring 
simulations. It emerges that 11% of contacts in each of the linear spring simulations 
are near the gross sliding limit (Op > 95% of Omax> whereas for the continuous 
interaction simulations, the figures are 4.6% (n=36) and 4.9% (n=144). Thus, failure 
down the free surfaces of the heaps is more likely to occur by rolling than sliding in 
the continuous interaction simulations (many more contacts are well away from the 
gross sliding limit). The values of Op/Omax averaged over the whole assembly are 0.344 
(n=36), 0.360 (n=144), 0.451 (k=500) and 0.498 (k=1000). Stiffening the particle-
particle interaction model, or adopting the linear spring rather than continuous 
interaction model, has a significant effect on the sliding or rolling nature of the 
assembly; stiffer particle-particle interactions give rise to a greater degree of sliding. 
The degree of sliding and rolling is one characteristic of heaps for which the poured 
angle of repose may be a useful indicator. As mentioned in Chapter 2, correlation 
between the angle of repose and the contact angle of friction is often assumed. The 
above simulations (having identical angles of friction) show this not to be the case. As 
discussed in Chapter 6, however, the angle of repose is more strongly influenced by 
the method of heap formation than any other parameter. Inter-particle cohesion (not 
implemented in these simulations but considered in the analysis in Chapter 2) serves 
to alter the extent of sliding as opposed to rolling, promoting the former and leading to 
a higher angle of repose. The above results clearly show that stiff particle-particle 
Page 166 
Micmstructuralproperties ofgranular heaps 
(a) 
40 -30 -20 -10 0 
(b) 
• t-
-40 -30 -20 -10 0 
(c) 
30 
-40 -30 -20 -10 0 
(d) 
30 
... . 
-40 -30 -20 -10 0 
10 
10 
10 
10 
•<0.4 
• 0.4-0.7 
• 0.7-0.95 1 
•> 0.95 
20 
[j04 J .4- 0.7 
.7- 0.95 
>0.95 
20 
[ • <0.4 
• 0.4-0.7 
30 
30 
ｾ Ｎ＠ 0.7 - 0.95 
• >0.95 I 
20 30 
• <0.4 
• 0.4-0.7 
e 0.7-0.95 
• > 0.95 
20 30 
40 
40 
40 
40 
Figure 7.27: Magnitudes of tangential displacement ratios for 2D monodisperse, 
single particle feed heaps. Key: (a) n=36; (b) n=144; (c) k=SOO; (d) k=lOOO 
Page 167 
Microstmcturalproperties ofgranular heaps 
interactions give rise to a higher degree of sliding as opposed to rolling within the 
heap, and the results of Chapter 6 confirm that stiff interactions also give rise to the 
highest angles of repose for given heap formation conditions. 
Figure 7.28 shows the actual contact displacement ratio vectors for each contact. 
There are marked differences between the continuous interaction and linear spring 
simulations. For the latter, there is a clearly observable boundary between the central 
and outer portions of the heap. In the lower centre, the normalised tangential 
. displacement vectors align in near-horizontal networks, suggesting that layers of 
particles are 'attempting' to slide over each other horizontally, although the contacts 
are far from the gross sliding limit. Immediately above this region is a 'void' - a 
region of very low tangential displacements. In the wings of the heaps there are a 
number of (largely isolated) tangential displacements, generally indicating that 
particles are 'attempting' to slide down the free surfaces of the heap. The contacts here 
are closer to gross sliding than in the centre; perturbation of the assembly, for example 
by adding more particles, would result in failure in this regiQn in the first instance. In 
contrast, for the continuous interaction simulations there are more even distributions 
of normalised tangential displacements across the heaps as a whole. 
7.5.2. 2D monodisperse, hopper feed 
Because of the larger overall scale of the hopper feed simulations, the colour-coded 
and vector plots of tangential displacement ratio were rather unclear. Figure 7.29 
shows the overall statistics of tangential displacement ratios for four such simulations. 
All the statistics refer to intermediate stages of heap formation with approximately the 
same number of particles (- 4000) in the heap. A number of points are immediately 
evident. Firstly, there are a far higher number of contacts in the continuous interaction 
simulations. Particularly for the stiffest linear spring simulations, there are a very 
small number of contacts at any one time (only about 30% of the particles overlap 
with one or more of their neighbours). This indicates that particles in these simulations 
spend much of the time effectively isolated from their neighbours. Contacts are 
typically quite short-lived 'collisions', interspersed with longer periods where the 
particles are effectively in 'free flight'. In contrast, for the 'soft' continuous 
Page 168 
Microstro.cturalproperti.es ofgranular heaps 
(a) 
. (b) 
(c) 
(d) 
Figure 7.28: Tangential displacement ratio vectors for 2D monodisperse, single 
particle feed heaps. The longest line in each plot corresponds to 8F = §max (gross 
sliding). Key: (a) n=36; (b) n=144; (c) k=SOO; (d) k=JOOO 
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interaction, particles spend long periods of time in contact with their neighbours. This 
conclusion can also be deduced from the distributions of tangential displacement ratio 
shown in Figure 7 .29(a). In this figure, each data set indicates the number of contacts 
for which the tangential displacement ratio is in a certain range; for instance, the first 
set gives the number of contacts for which Op I Omax is between 0.00 and 0.05, the 
second between 0.05 and 0.10, and so on. 
In all four simulations, 10-15% of the total number of contacts are at gross sliding . 
. The proportion of the contacts near the gross sliding limit is quite insensitive to the 
interaction model (unlike the single-particle feed simulations). However, the 
distributions are otherwise very sensitive to the interaction. The proportion of contacts 
having a particular value of Op I Omax declines as the value increases. However, there is 
a slow and steady decline in this proportion for the continuous interaction, and a very 
sharp decline for the linear spring. In the latter, a very small proportion of contacts 
have moderate tangential displacement ratios (Op between 25% and 95% of Omax>. This 
suggests that in the linear spring simulations, contacts either go to gross sliding soon 
after they are established, or the particles disengage completely. In contrast, the 
distribution for the continuous interaction simulations shows that contacts move 
towards gross sliding much more steadily. 
This model for contact behaviour is further supported by the measured average contact 
loads within the simulations. For all simulations, contacts with low contact loads go to 
gross sliding most easily, as is understandable. However, the average contact loads 
(for both sliding and non-sliding contacts) in the linear spring simulations are many 
times greater than those for the continuous interaction simulations. This finding helps 
in understanding why the angle of repose correlates with the contact stiffness in the 
. way that it does. At first sight the correlation is perhaps counter-intuitive. One might 
expect that the short · duration of stiff contacts and hence the rapid disengagement of 
incoming particles from those already in the heap, would mean that the incoming 
particles would be free to move down the free surfaces quite easily and result in a low 
angle of repose. However, whilst the contacts between incoming particles and those in 
the heap are rather short-lived for stiff interactions, the high contact forces endured 
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during that brief period lead to effective dissipation of the particles' kinetic energy. 
This is because both the frictional and damping work at the contact ultimately depends 
on the contact load and stiffness (the frictional force is proportional to the normal load 
and the damping forces to the stiffness). Thus, if and when incident particles first 
disengage from those already in the heap, much of their kinetic energy has been 
dissipated at the contact and they readily come to rest on the free surfaces, leading to a 
high overall angle of repose. In contrast for soft interactions, whilst incident particles 
initially engage with those in the heap over longer periods, the contact forces and 
. stiffnesses are so low that much less kinetic energy is dissipated, the residual kinetic 
energy of the particles being sufficient to carry them further down the free surfaces of 
the heap. 
This model based on energy dissipation also serves to explain the importance of inter-
particle cohesion and the effect of feed stream impact on the heap. Cohesion between 
particles will enhance the energy dissipation (for given contact stiffness) by extending 
the primary period of engagement between incident particles and those already in the 
heap. The impact of the feed stream governs the total amount of incident kinetic 
energy to be absorbed by the growing heap (this is considered further in Chapter 8 
which examines segregation behaviour). 
7.5.3. Three dimensional monodisperse heaps 
The results for a single three dimensional monodisperse simulation (n=36, moderate 
feed rate - as illustrated in Figure 6.3b) are shown in Figure 7 .30. The statistics refer to 
an intermediate stage of heap formation, when there were about 10,000 particles in the 
heap. As previously, the high overall number of contacts mean that displaying the 
overall statistics is the clearest way of illustrating the results. The overall proportion of 
contacts near the gross sliding limit (17.6%) is fairly similar to the figures for the 2D 
simulations. However, the numbers of contacts at various states up to the gross sliding 
limit are quite different. The results show an even slower 'decay' in the number of 
contacts as the tangential displacement ratio increases from zero - in fact, the 
difference is so dramatic that the number of contacts actually increases up to a 
tangential displacement ratio of 0.2, before the decay begins. This suggests that 
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contacts have even greater endurance and a slower approach to gross sliding than was 
the case for the 2D simulations. 
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7 .6. Concluding Remarks 
V) 
0\ 
ci 
The purpose of this Chapter was to evaluate various 'microstructural' properties of 
poured granular assemblies, assessing their usefulness as a complement to bulk 
properties, such as the angle of repose, as the basis for industrial process design. 
Furthermore, this investigation serves to highlight the limitations of using the angle of 
repose as the sole characteristic of material behaviour. 
The distribution of forces on the base of a heap is much more sensitive to simulation 
conditions than the angle of repose, and hence might be thought of as a much more 
useful parameter. However, the evidence suggests that the degree of discussion in the 
community as a whole over "stress dips" on the base is perhaps unjustified. Stress dips 
seem to be restricted to rather specific and idealised conditions (two-dimensional, 
monodisperse or near-monodisperse assemblies). Feeding from a hopper as opposed to 
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single-particle feeding also tends to prevent stress dips forming. There is no evidence 
of stress dips in widely polydisperse, two dimensional simulations or monodisperse, 
three dimensional simulations. 
The physical nature of bulk solid material (perhaps most importantly, its flowability) 
is likely to be affected by the contact forces it experiences during stockpiling. High 
contact forces may well give rise to overconsolidation, hence deterioration of 
flowability and product quality. This Chapter highlights how granular dynamics 
. simulation may be used to routinely inspect the contact force distribution within heaps 
and gives useful insight into the sensitivity of these distributions to material and 
process parameters. This could eventually lead to improvements in process design, 
perhaps by modifying operating procedures (e.g., the method of filling a vessel or 
pouring a heap) in an attempt to homogenise the contact force distributions and hence 
to limit the selective deterioration in product quality of material in certain parts of the 
assembly. 
The inhomogeneous nature of the packing of poured granular heaps, even for 
monodisperse assemblies which might be expected to form regular crystalline 
structures, is clearly illustrated by the co-ordination number distributions presented in 
the previous sections. These along with the internal voidage distributions serve as a 
particularly useful indicator of the 'shear banding' which seems to be a feature of 
poured granular assemblies under certain simulation conditions. 
The distributions of tangential displacement within the heaps proved to be especially 
useful in understanding the fundamental reasons for the sensitivity of the angle of 
repose to material parameters and process conditions, which was described in the 
previous Chapter. The clear effect of the 'impact' of the feed stream led one to believe 
that an impact energy driven was most appropriate; the analysis of tangential forces 
has allowed process conditions and material properties to be unified within a single 
model. 
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Chapter 8 Segregation in Poured Heaps 
8.1. Introduction 
The segregation of multicomponent granular mixtures according to different size, 
shape or density of the particles has long been recognised as a serious problem in bulk 
ｳｯｬｩｾｳ＠ handling. Segregation ､ｾｲｩｮｧ＠ pouring to form a heap has been recognised as 
especially important (see, for example, Williams 1976). When material is poured to 
. form a heap in a storage vessel prior to downstream transport, packing or further 
·processing, it is desirable that the heap should be reasonably homogeneous:This is to 
say that the outflow from· the vessel should have particle size and shape distributions 
similar to those of the feed; moreover, that these distributions should be reasonably 
-
consistent throughout the bulk. It may prove possible to ameliorate segregation effects 
. . 
by supplying energy to the bulk by agitation (see Chapter 2.6 for a review of research-
in this field) but this may prove costly and may not be effective in, achieving a 
homogeneous mixture. It is of benefit to investigate the mechanics of segregation in 
heaps and thus to recommend engineering measures that may help in avoiding 
segregation. This Chapter describes a study of ｾ･ｧｲ･ｧ｡ｴｩｯｮ＠ ｾ＠ heaps making reference . 
to the existing literature, experiments, theoretical constructs and-numerical simqJation. 
It was found that segregation ､･ｰ･ｮ､ｾ､＠ not only upon the properties of the mixture 
(which may be largely outside. the control of the process engineer) but also process 
. parameters (which are possibly controllable to some extent). This offers the possibility 
that segregation effects may be reduced by careful design of process vessels and 
operating procedures. Three distinct mechanisms are identifiedl percolation, where 
finer particles drain. through coarser ones in the mixture, stratification, the formation 
of layers according to size, and capture, whereby particles are el'Il:bedded in the bulk 
and segregation is minimised. The former depends solely upon mixture properties; 
thus, to establish how engineering practice might be used to good effect in avoiding 
segregation, it is first necessary to distinguish between percolating and non-
percolating mixtures. 
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Almost all existing analyses of segregation phenomena cited in the current literature 
deal with coarse and rigid granular particles (above O.lmm size range). However, the 
effects of the interstitial fluid on the flow of particles are well known for particles less 
than about O.Smm in size, and the effects of short-range surface active forces such as 
van der Waals, capillary and electrostatic forces are well known to influence the 
macroscopic behaviour of granular systems less than O.lmm in size (see, for example, 
Chapter 3 of Seville et.all997). Neither the interstitial fluid effects nor the influence 
､ｯＮｾ＠
of particle surface forces are considered to ,.._ in physical and mathematical models 
. used to predict segregation. 
Perhaps more importantly, the existing literature seems mostly to concentrate upon a 
quantification of the "feasibility" of a given particulate system to segregate by one or 
more possible geometric mechanisms such as percolation or stratification, and/or a 
detailed description of these geometric mechanisms. What is lacking is a reliable 
model capable of predicting the kinetics of particle segregation in polydisperse particle 
systems. To account for the rates and extents of segregation observed with different 
systems, we require statistical mechanical models of particle dynamics in an assembly, 
such as those discussed earlier in section 2.5.3., on the subject of "microturbulence". 
The current segregation models are for the most part driven from quasi-static 
mechanical and/or geometric stability criteria which do not include.particle dynamics. 
8.2. Percolation 
Percolation is usually thought of as a process analogous to molecular diffusion. 
Smaller particles tend to sieve through an assembly of coarser particles due to 
differences in size. The determining factors for percolation are the availability of 
interstitial voids of suitable size and shape. As mentioned in Chapter 2, this means that 
the effect is likely to be enhanced if the assembly is under strain, because dilation 
increases the available void space. It may also be that density differences h,ave some 
effect on percolation, but the analysis presented here mostly deals with equal-density 
mixtures. 
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Given that percolation depends on void availability, it follows that microstructural 
analysis of granular assemblies should give an insight into the factors affecting 
percolation. Such analysis of binary mixtures (Arteaga and Tiiziin 1990) and ternary 
mixtures (Tiiziin and Arteaga 1992) revealed that the propensity for a mixture to 
segregate by percolation depended on two mixture properties; the particle size ratio 
and the fractions of different phases in the mixture. Together these two parameters 
served to characterise the micro-structure of the bulk . 
. Taking the simplest case of a binary mixture, ｯｮｾ＠ of the phases is the "continuous" 
phase and the other the "discrete" phase. The particles in the discrete phase can be 
considered to be embedded in the matrix of particles forming the continuous phase. 
Every particle in the continuous phase is in contact with at least one other particle in 
that phase. A binary mixture is "coarse continuous" or "fines continuous" depending 
on the size ratio and fractions of the two phases in the mixture. If the proportion of 
fines in the mixture is sufficiently high the mixture will be fines continuous. As the 
size ratio increases, so does the size of the interstitial voids between the coarse 
particles, hence the proportion of fines necessary to create a fines continuous mixture 
decreases. The contrast between coarse and fines continuous mixtures is best 
illustrated by example - see Figure 8.1. This shows three binary mixtures with varying 
size ratio <PR and constant weight fraction of fines Xf = 20 %. At <PR ::::: 2:1, the mixture 
is coarse continuous, whereas at <PR = 4:1 the mixture is almost fines continuous and at 
<PR ::::: 7: 1 the mixture is fines continuous for this weight fraction. 
Two microstructural analyses were performed for identifying the transition between 
coarse and fines continuous binary mixtures as a function of Xt and <PR (Arteaga and 
Tiiziin 1990), each giving qualitatively similar results. The first was based on a rather 
simple assumption that the structure should be fines continuous when the entire 
surface area of the coarse particles was covered by fines. The second was based on a 
consideration of interstitial void sizes and geometries as a function of size ratio. In the 
simpler analysis, it was shown that there was a critical weight fraction of fines XfL 
given by: 
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for <PR > 1 (8.1) xfL 4 
Above this fines fraction by weight the mixture is fines continuous; otherwise the 
mixture is coarse continuous. The dependence of XfL on <PR is shown in Figure 8.2. 
The analysis is somewhat oversimplified in several ways. For example, in the limit 
<PR ---7 1, the critical weight fraction must obviously converge to unity, not 0.8 as given 
by equation (8.1). A more involved void-size analysis (and the experimental evidence 
. presented by the authors) showed that for modest size ratios (< 2:1) it is difficult to 
distinguish between a coarse and fines continuous mixture. Since the "critical" 
fraction of coarse is very low (i.e., XfL --7 1), minor changes in the in situ packing (for 
example, a single additional coarse particle in one part of the packing) result in sudden 
local transitions between coarse and fines continuous nature of packing. The .transition 
from coarse to fines continuous is much more gradual than is suggested by equation 
(8.1) and Figure 8.2. 
Both surface coverage and void filling theories indicate an asymptotic value of XfL in 
the limit of high size ratio of about 27 %. From Figure 8.2 it appears that this limit 
should be reached at size ratios in excess of 10:1. However, the void filling analysis 
and experimental evidence suggest that limiting behaviour is observed at more modest 
size ratios. From Figure 8.1 (c), a mixture of size ratio 7:1 appears to be fines 
continuous for a fines fraction of only 20 %. As will be shown presently, in this work 
coarse continuous mixtures were identified as necessary for segregation by 
percolation. The literature suggests that a size ratio of about 6:1 or greater is critical 
for segregation by spontaneous percolation, implying that the limit of the transition 
between fines and coarse continuous should be reached at this size ratio. 
Segregation by percolation can only occur when the discrete phase can move through 
the continuous phase. Due to the relative interstitial void sizes required for this 
motion, it follows that percolation is only significant if the mixture is coarse 
continuous. "Sieving" of a discrete fines phase through a continuous coarse phase is 
possible but the converse is not. Experiments on the bulk discharge of hoppers 
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Figure 8.1: Microstructure of binary mixtures ofvan·ous size ratio having 20% by 
weight of .fines. Key: (a) coarse continuous at size ratio z2:1; (b) near fines 
continuous at size ratio z 4:1; (c) fines continuous at size ratio z 7:1. 
From Arteaga and Tuzun (1990) 
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confirmed this finding. The weight fraction of fines in the discharge was monitored 
over the full period of the discharge for a range of size ratios and fines fractions, for 
both mass flow and funnel flow hoppers. In all cases, three regimes of discharge were 
found: an initial transient phase in which the flow fields were first developed, a 
pseudo steady-state phase and a final transient phase where the flow fields collapsed. 
In all cases, little segregation was found in the pseudo steady-state phase. However, 
coarse continuous mixtures segregated in the transient phases . 
. It should be emphasised that the above analysis dealt with the feasibility of 
percolation; it did not address the rate of percolation nor the effects of strain per se. 
Furthermore, direct correlation between percolation in hopper discharge and that in 
pouring into a vessel was not established. Nevertheless it seems likely that the general 
microstructural principles underlying the analysis are applicable to the present study; 
they can be used in the first instance to establish that a mixture is percolating or non-
percolating before considering the other mechanisms of capture and stratification. 
8.3. Stratification and Capture 
8.3.1. Introduction 
This section gives details of an investigation into the mechanisms of capture and 
stratification for segregation when non-percolating granular mixtures are poured to 
form heaps. "Capture" is a process whereby (large) particles incident to the top of the 
growing heap embed themselves in the bull<. Their freedom to move thereafter is 
considerably restricted. Depending upon the profiles of strain within the bulk of the 
heap, the larger particles may subsequently reach the free surfaces of the heap by the 
mechanism of particle migration (Foo & Bridgwater 1983) but this is perhaps rather 
improbable (see Chapter 2 for a discussion of literature on migration). It is probably 
reasonable to assume that captured particles remain in the bulk of the heap. If the 
assembly does not capture incident particles, they may traverse the free surfaces of the 
heap and form stratified layers. Much as the aforementioned work on percolation, this 
analysis deals with the feasibility for stratification rather than the rate at which it or the 
width of stratified layers occurs (or indeed the precise mechanism by which stratified 
layers form). 
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The work in this section was partly motivated by the results of recent studies of 
segregation in poured heaps by Makse et al.(1997a, 1997b) and Koeppe et a/.(1997), 
details of which can be found in Chapter 2. These workers performed experiments 
whereby granular mixtures were poured into a "quasi two dimensional" cell, 
consisting of two fixed transparent plates a small distance apart. Striking segregation 
patterns were observed in certain cases . 
. A series of experiments have been carried out to establish the sensitivity of 
stratification behaviour to mixture properties, such as size and shape distributions, and 
engineering parameters, such as the rate at which material is poured to form a heap. 
The experiments led to the development of a simple physical model for the feasibility 
of stratification and capture. The findings have been compared with the results of 
granular dynamics simulations. 
8.3.2. Experimental Study 
The experimental study involved pouring borax pentahydrate granules into a quasi two 
dimensional storage vessel. The vessel (see Figures 8.3 to 8.6) was hemispherical in 
shape and 1 m in diameter, consisting of two plates of Plexiglas separated by a gap of 
approximately 9 em. The granulate had a wide, continuous distribution of sizes, 
particle diameters ranging from less than 100 J.!m to over 1400 IJ.m. Prior to the 
experiments, the material was separated by sieving into two phases. Those granules 
less than 850 J.!m in diameter were considered to be the fines phase and were white in 
colour; the coarser grains in the mixture were treated with a blue dye. The angles of 
repose of the individual phases were measured by pouring small heaps of each and 
measuring the diameter and height. It has previously been suggested that the shapes of 
particles in the individual phases, manifest in the angles of repose of the individual 
phases, fundamentally influence the segregation behaviour. In this case, the angles of 
repose (shown alongside other properties in Table 8.1) were found to be equal within 
the bounds of experimental error. 
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Figure 8.3: Heap formed in slow filling process 
(fill time 45 minutes, average fill rate 0.007 kg/s) 
Figure 8.4: Heap formed in moderately slow filling process 
(fill time 9 minutes, average fill rate 0. 03 7 kg/s) 
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Figure 8.5: Heap formed in fast fUZing process 
(fill time 3 minutes, average fill rate 0.111 kg/s) 
Figure 8. 6: Heap formed in fast filling process 
(fi"ll time 25 seconds, average fill rate 0. 800 kgls) 
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Material property Fines phase Coarse phase 
(< 850 ｾｭＩ＠ (> 850 ｾｭＩ＠
Particle size (d50), !A-m 512 1002 
Apparent particle density, kg/m"' 1810 1780 
Angle of repose, o 27 28 
Table 8.1: Properties of individual phases in experimental study 
Given the wide distribution of particle sizes, it seems likely that there was some 
. percolation within the mixture. However, whilst there may have been percolation 
within each phase, as a whole the fines are rather unlikely to percolate through the 
coarse. The mixture contained approximately 90 % fines by weight, which from 
Figure 8.2, clearly places the mixture in the fines continuous, non-percolating regime 
(almost irrespective of the size ratio). The angles of repose of the individual phases are 
revealing. First, the angles are rather low (< 30°) which suggests that most of the 
particles in each phase are near spherical. If the particles were highly irregular, the 
angle of repose would be expected to be much higher. As will become clear, particles 
in both phases being near-spherical has significant consequences for the findings in 
this study. Secondly, the relatively low angle of repose of the fines suggests that 
cohesion of the finest particles in the mixture has little effect on the fines phase as a 
whole. Cohesion is expected to be significant for particles less than 100 ｾｭ＠ in 
diameter, and would serve to increase the angle of repose well above the measured 
value. In each experiment, 20 kg of the granulate mixture was poured via a small 
hopper and variable speed conveyor at a different rate. The fill times and average fill 
rates for the experiments are summarised in Table 8.2. Snapshots of the poured heaps 
are shown in Figures 8.3 to 8.6 inclusive, as given in the Table. 
Total fill time Approximate Snap-shot of final state of 
(approximate) average fill rate poured heap 
(kg/s) 
45 minutes 0.007 Figure 8.3 
9 minutes 0.037 Figure 8.4 
3 minutes 0.111 Figure 8.5 
25 seconds 0.800 Figure 8.6 
Table 8.2: Summary of heap formation experiments 
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Results: very slow filling 
Figure 8.3 shows the heap formed in the slowest fill of the four, with a total fill time 
of about 45 minutes. Under these filling conditions, particles appeared to move down 
the free surfaces of the heap largely independently of each other- there was a limited 
degree of collective avalanching from time to time. Most noticeably, the phases appear 
. to organise themselves into stratified layers; there are a large number of thin bands of 
fine and coarse material within the heap. The experiments of Makse et al.(1997a) and 
their subsequent theoretical analysis (1997b) linked the formation of stratified layers 
. to the propagation of a 'kink' up the free surface of the heap. The kink was found to 
originate at the base; the formation of two complete layers (one of fines and one of 
coarse for a binary mixture) was completed when the kink reached the apex of the 
heap. This was observed at some stages of the experiment illustrated in Figure 8.3; 
however it should be noted that many of the stratified layers do not extend all the way 
. . 
from the base to the centre. It appears that the kink 'mechanism' may provide a partial 
description of the stratification process for these conditions. Towards the centre of the 
heap, especially near the base, there is a 'depletion region' for coarse material. 
Likewise, there are very few fine particles to be found in the outer wings of the heap, 
especially so near the free surfaces. 
Results: slow filling 
For the heap shown in Figure 8.4, the overall degree of segregation is greater than that 
in the first experiment, in that the fines are almost exclusively confined to the central 
region, but there is a lesser degree of stratification. The bands of fines are somewhat 
wider and much shorter than for the previous case, and overall there appear to be far 
fewer coarse grains in the central region. From the central pqint of the base upwards, 
the depletion region ·for coarse covers ＶＰｾ＠ 70% of the total height of the heap, as 
compared to 10-20% for the previous case. Furthermore, there appears to be almost 
total exclusion of coarse material from this region. 
Results: fast filling 
Increasing the fill rate still further, the heap in Figure 8.5 shows an additional increase 
in the overall degree of segregation. The exclusion of coarse from the central region is 
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enhanced to such an extent that the depletion region for coarse almost reaches the apex 
of the heap. As before, there is almost complete exclusion of fines from the outer 
regions of the heap. Of the four experiments presented, this probably represents the 
most extensive overall segregation of the two phases; material drawn from the edges 
of the heap would appear to have the highest concentration of coarse material, 
likewise material drawn from the centre should be very rich in fines. 
Results: very fast filling 
. The patterns change almost completely for very high fill rates, as shown by the heap in 
Figure 8.6. Whilst the material near the edges is relatively rich in coarse, near the 
centre the particles appear relatively well mixed. The heap evolved by way of a 
relatively small number of 'catastrophic' large-scale avalanches. Observations of the 
four experiments suggest that the distribution of avalanche sizes is a strong function of 
the fill rate. Under slower filling conditions, there were many more small avalanches, 
where bulk flow of the material only covered 10-20% of the total length of the free 
surface; further away from the apex, the motions of individual particles were largely 
independent of each other. However, under fast filling conditions, a much higher 
proportion of the overall bulk displacement was contained in large avalanches down 
the whole of the free surfaces of the heap. 
Results: angle of repose of fines exceeding that of coarse 
A 1 kg mixture of borax pentahydrate was prepared in which the angle of repose of the 
fines phase exceeded that of the coarse. This was done by adding a greater proportion 
of very fine material to the fines phase of the mixture used in the previous 
experiments. This served to increase the angle of repose of the fines to 32° as opposed 
to 28° for the coarse, probably due to increased cohesion within the finest material in 
the mixture. In a separate experiment the mixture was poured into a bench-top scale 
vessel. Under very slow filling conditions, stratified layers were seen in the heap, as 
shown in Figure 8.7. Relatively poor flowability due to the increased cohesion meant 
that slow filling of the vessel occurred naturally. 
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Segregation in poured heaps 
Analysis of experimental findings 
As outlined in Chapter 2, Makse et.al (1997a, 1997b) proposed that a difference in 
shapes of the particles, resulting in a difference in the angles of repose of the two 
phases, was a necessary condition for stratification within poured heaps. Moreover, it 
was maintained that the angle of repose of the coarse phase must be considerably 
greater than that of the fines. The above results are direct experimental evidence to the 
contrary. 
. The obvious importance for stratification of the . fill rate indicates that impact of the 
incident particles on the top of the growing heap is a vital parameter, which in tum 
gave rise to the concept of a "capture" mechanism. The likelihood of capture depends 
to some extent on the total impact of the incident feed stream. This can be varied 
independently in two ways: by varying the overall feed rate or the height through 
which the material falls before impact. The effects of free fall height on bulk 
segregation has been recognised previously (see Chapter 2). Assuming that the 
external geometry of the material delivery system is ｦｩＺｾｾ･､Ｌ＠ the fill rate is the 
controlling parameter. The experimental evidence suggests that differences in shape of 
fines and coarse may contribute to stratification, but are not necessary. 
The following analysis is presented in terms of the simplest case of a binary mixture. 
However, it could apply equally well for the segregation between different "modes" of 
a multi-modal size distribution. The importance of multi-modality for segregation has 
been previously discussed extensively by Tiiziin and Arteaga (1992) and the 
experimental results of Makse et.al (1997a) showed that ternary multi-modal mixtures 
stratified into groups of three layers, just as binaries ｳｴｲ｡ｴｩｦｩｾ､＠ into pairs of layers. 
Fully continuous size distributions are considerably more difficult to model, and are 
probably only amenable to analysis under the scheme described below if they can (in 
some approximate fashion) be converted into a multi-modal distribution. Figure 8.8 
shows how a continuous but multimodal size distribution may be approximately 
discretized into coarse, medium and fines phases each with a weight fraction X, 
having a mean and standard deviation in size. 
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Figure 8.8: Discretization of a continuous, multimodal size distribution 
Adapted from Tiizun & Arteaga (1992) 
A suggested parameter space for capture, stratification and percolation is given in 
Figure 8.9. It is perhaps helpful to envisage a three-dimensional space, with the fill 
rate axis perpendicular to the plane of the page. The capture region _occupies a 
progressively greater proportion of the material property plane as the fill rate 
increases, with the region for percolation being relatively unaffected. It seems unlikely 
that impact will have much effect on segregation by percolation. There is an upper 
limit of fill rate for which this diagram is relevant. Using computer simulations it was 
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found that under extremely high fill rates, segregation could result from bulk 
convection currents being established within the assembly, rather like in vibration-
induced segregation. 
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Figure 8.9: Parameter space for segregation in poured heaps of multi-modal size 
distributions via capture, stratification and percolation 
Figure 8.9 explains both the results of the present study and those of Makse et.al. A 
number of special cases are illustrated in Figure 8.10 (which assumes a non-
percolating mixture). As shown in Figure 8.1 Oa, at a very low fill rate, capture 
occupies a very small portion of the material property domain. Stratification or 
segregation of the mixture is only prevented if the mixture is very nearly 
monodisperse in terms of size and shape. On the contrary, as shown in Figure 8.1 Ob, if 
the fill rate is high then capture is much more likely; only if there are wide differences 
in particle size and shape can stratification occur. A given mixture is identified by a 
point in the material property plane. For fill rates below a threshold according to the 
mixture properties, the capture region has not expanded sufficiently and the mixture is 
likely to stratify. The two experimental studies are compared in Figure 8.10c and 
8.1 Od; the size ratio in the two studies is similar but the difference in particle shape is 
markedly different. In the present study (Figure 8.10c), there was a modest difference 
in shape, so the transition between capture and stratification was seen at relatively 
modest fill rates. However, in the experiments of Makse et.al (Figure 8.10d), high fill 
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rates would have been necessary in order to see the stratification I capture transition. 
Since this range of fill rates was not considered in the study, it was incorrectly inferred 
that the mixture would always stratify. 
(a) (b) 
s 
s 
c 
ｾ＠
(c) (d) 
s s 
c 
Figure 8.10: Capture/stratification transitions. (a) low fill rate, stratification quite 
probable; (b) high fill rate, capture quite probable; (c) present study, difference in 
shape low, capture/stratification transition at modest fill rate; (d) Makse et.al study, 
large difference in shape, transition occurs at quite high fill rate 
Axes of diagrams as per Figure 8.9 
There is some evidence in the literature in support of the premise that fill rate (i.e., 
impact) affects stratification behaviour. Koeppe et.al (1997) performed experiments 
rather similar to those of Makse et.al (1997a), using fine near-spherical sand and 
coarse cylindrical sugar crystals. They hinted at the breakdown of stratification when 
the fill rate exceeded some critical value. Recent modifications to the cellular 
automaton modelling approach (Makse and Herrmann 1998) have incorporated the 
effects of impact. 
Whilst the above analysis is useful in relating material properties and engineering 
parameters to the effects of stratification and capture, it does not address the physical 
mechanism by which capture occurs. A simple physical impact force model for 
capture is proposed on the basis of these observations. It emerges that the material 
behaviour could not be correlated solely with the simple "difference in the angles of 
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repose" of the two phases. 
8.3.3. Physical modelling of capture vs. stratification 
The above observations lead one to suppose that the primary driving force for 
stratification is the momentum or "impact force" of the material being added to the 
heap. A stream of material is added as the heap forms, thus the total impact force does 
not act at a point but is distributed across an area around the top of the heap. Not only 
. is the total magnitude of the impact force of importance, but also its distribution. The 
effect of the feed is to apply a distribution of impact forces across a region near the top 
of the heap. This impact force distribution is an assembly parameter which embodies a 
range of (possibly controllable) engineering parameters such as fill rate, vessel 
geometry (i.e., free fall height) and angle of filling. The local impact force (related to 
the energy of impacting particles) is used to develop a criterion for capture of a single 
incident particle, in a simple physical model, in a similar way to the analysis of 
Alonso et.al (1991). 
Once again, whilst the analysis is presented in terms of a binary mixture, in principle it 
should hold true for interactions between particles in different modes of a multi-modal 
size distribution (Tiiziin & Arteaga 1992). Consider a coarse particle of density Qc and 
diameter de impacting with a velocity v c normal to a number of fine particles on the 
free surface of the heap, of average density Qfand diameter df (see Figure 8.11). 
For the coarse particle to embed itself within the assembly (i.e., to be captured), it 
must open a void within the structure. The work (energy) requirement for this process 
can be expressed as: 
{Work requirement} = {Force} x {Displacement} (8.2) 
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Figure 8.11: {mpact of a coarse particle on a surface of fines 
The force required is proportional to the mass of particles which must be displaced, 
the volume of which ·is that of. the incident particle. Thus: 
Force oc (8.3) 
where E is the voidage of the bed of fines . . Let the average displacement of the 
particles be 6, then the work requirement is given by: 
(8.4) 
where K is a constant. The energy available is the kinetic energy of the incident coarse 
particle, ignoring the small amount of gravitational potential energy it possesses 
relative to. the fines at t]le point of impact: 
3 
:rc de 2 
= uQcVc (8.5) 
Equating (8.4) and (8.5) gives an expression for the impact-driven displacement of 
particles on the free surface: 
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0 = __ ｊｴＺＭＭＭｾ＠ • _Q_c_ • v2 
12K(l-e) Qf c (8.6) 
where I< is a parameter related to the inertia of particles on the free surface, £ is a 
locally averaged voidage and vc is a single-particle equivalent 'impact velocity'. The 
sensitivity of these parameters to the properties of the materials in the mixture and 
process conditions will be examined in a moment. The extent of capture depends on 
the value of o relative to the incident (coarse) particle diameter, de. Effectively, the 
. limiting values of o/dc are zero and unity. In the former case, the incident particle fails 
to penetrate the surface at all - thus it has freedom to move down the free surface of 
the heap. If o/dc is unity, the average displacement of the particles creates a cavity of 
exactly the same volume as the incident particle. If o/dc exceeds unity, the particle has 
energy available to penetrate further into the heap. For the purposes of this analysis, 
6/dc;;::: 1 means that the particle is completely embedded in the surface, i.e., captured. 
Sensitivity of 8 to material parameters and process conditions 
The first term in equation (8.6) refers to the state of the particle bed on the free surface 
(i.e., the distributions in size and shape of the constituent particles). The term K is 
related to the inertia of particles in the bed; high values of K mean that particles on the 
surface are not easily dislodged and thus capture is relatively difficult. The previous 
observations in section 8.1 regarding surface active forces suggest that the value of K 
may be influenced by the absolute size of the particles on the free surface; if they are 
sufficiently small(< 0.1mm diameter) then surface active forces may serve to increase 
the value of l(. Above this size range, the value of K may be influenced by the shape 
of particles on the free surface, due to the geometric interlocking of particles. The 
contact areas between particles is strongly influenced by particle shape. There are 
essentially three types of contact: "point-poinf, contacts between two spheres having 
small contact area, "point-face,, contacts between a sphere and an angular particle 
having larger contact area and "face-face', contacts between two angular particles 
having the highest contact area for a given nominal particle diameter. Geometric 
interlocking arises from a high number of face-face contacts in the mixture, and results 
in the kinetic energy of the incident particles being dissipated through the particle 
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matrix more readily (with less bulk dislocation) than if point-point contacts 
predominate, giving a higher value of K. The local value of voidage around the impact 
region also depends on the size ratio and angularity of the species on the free surface. 
Studies of packing (see, for example, German 1989) show that distributions of size 
and shape heavily influence the efficiency of particle packing. For example, whilst 
monosized spherical particles are likely to assemble in random packings with a solids 
fraction (1-s) of approximately 0.65, polydispersity of size and shape can increase this 
solids fraction markedly. If particles are highly angular (for example, near cubic in 
. shape), then the effects of tesselation may drive .the solids fraction upwards towards 
unity. 
The second term shows that a large density difference makes capture more likely 
under given conditions; for example, large steel ball bearings would be extremely 
likely to penetrate a bed of fine sand. 
The mathematical relationship of the v c 2 term to process con4itions could take one of 
several different forms. The simplest possible case arises if the incident particles are 
sufficiently coarse so that fluid drag can be neglected. In this case, the impact velocity 
may be related to the drop height assuming constant acceleration under gravity: 
v c 
2 
= 2gh (although the effect of the angle of incidence and/or the inclination of the 
free surface may need to be taken into account). If fluid drag cannot be neglected, then 
vc may be a single-particle settling velocity (see Chapter 2 of Seville et.al 1997 and 
references therein) and the situation may be further complicated if collective effects 
cannot be ignored, in which case v c may be related to a hindered settling velocity 
given by the Richardson-Zaki correlation (see I<ay and Neddennan 1985). However, 
even for the simplest case where the hydrodynamic effects can be neglected, there is 
likely to be an effect of the concentration of particles in the feed stream (i.e., the feed 
rate) for one of two reasons. For a very dense phase feed, particle-particle collisions 
before impact are quite probable and will affect the impact velocity of particles. Also, 
if a high feed concentration means that many impacts on the free surface take place 
simultaneously, there may be 'interference' between them, i.e., incident particles 
attempting to displace free surface particles in opposite directions at the same time. 
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Thus, the relatively simple mathematical form of equation (8.6) belies the complicated 
nature of the dependence of capture propensity on the properties of the free surface, 
the properties of the captured species and the process conditions. The term 
rcg/12K(l-E)Qt might be thought of as a measure of the 'yield strength' of the free 
surface, relating the feasibility of capture to the impact velocity of the incident 
particles (see Figure 8.12). 
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Figure 8.12: Feasibility of capture as a function of impact velocity 
and free surface cyield strength''. 
The distribution of particle shapes in the mixture influences the yield strength of the 
bed and hence the competition between capture and stratification. However, the above 
experiments and physical modelling shows that it is erroneous to characterise the 
shape distribution using a simple difference in angle of repose of the phases. Providing 
that the feed conditions are appropriate, stratification can occur if the difference is 
positive, near-zero or negative. The angles of repose are important in locating the 
transition between predominantly capturing and stratifying behaviour. There are four 
possible combinations: 
• angle of repose of fines exceeds that of the coarse: as in the small-scale 
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experiment in the present study. This condition is only likely if the coarse are near-
spherical and there are face-face contacts and/or surface forces within the fines. 
The yield strength of the fines is quite high but they have little inertia. 
Stratification will occur only if the impact effect is quite low, which tends to 
happen naturally because such mixtures are rather poor-flowing. 
• angles of repose similar, both low: as in the large-scale experiments in the present 
study. Fines and coarse are both quite spherical; there is a preponderance of point 
contacts along the free surface. Particles are easily displaced hence capture occurs 
readily. Stratification can predominate only if the impact effect is very low. 
o angle of repose of coarse exceeds that of the fines: as in the Makse et.al 
experimental study. It is most likely that the fines are near-spherical and the coarse 
are angular, resulting in a number of face-face contacts in the mixture, especially if 
the coarse fraction is quite high. Stratification predominates unless the impact 
effect is high, since the surface is quite rigid and capture is difficult. 
0 angles of repose similar, both high: there are surface forces and/or geometric 
interlocking within the fines and geometric interlocking within the coarse phase. 
Physical modelling suggests that a high yield strength in both phases at the free 
surface means that stratification would predominate unless the impact effect was 
very high. There is no experimental evidence to this effect at present. 
The difference in the angle of repose of the two phases does not adequately 
characterise the effects of particle shape. One must also consider the magnitudes of the 
angles of repose of the individual phases. The likelihood of capture rather than 
stratification depends on the impact effect around the apex of the growing heap. The 
likely range of impacts for capture is influenced by the particle shape distribution. In 
turn this depends upon not only the shapes of particles in each phase but the 
proportions of each in the mixture. 
This mathematical analysis, whilst rather idealised and limited by simplifying 
assumptions, at least hints at how the kinetics of segregation may be predictable from 
a knowledge of material characteristics and process parameters. A more exhaustive 
experimental analysis would yield further information, both on the values of certain 
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model parameters and the mathematical forms of relationships between model 
parameters and process properties, which have been suggested but not quantified by 
the above analysis. 
8.4. Numerical simulations 
Granular dynamics simulations (mostly on the 5,000 - 10,000 particle scale) were 
performed to investigate the material and engineering parameters that affect 
. segregation behaviour in poured granular heaps. Other types of numerical simulation 
such as cellular automata (see Chapter 3.3) and ballistic deposition (Chapter 3.4) have 
successfully reproduced segregation effects, notably stratification. This success can 
largely be attributed to two main features of these models: infinitely slow feeding, 
where each new element is allowed to come to rest before the next is added, and the 
implicit feature that "particles" in the growing heap are not dislodged by the impacts 
of particles added later. This means that capture is rather unlikely and the conditions 
for stratification are most favourable. A particle may come to rest on the free surface 
of the heap but cannot be embedded within. A further important feature of these 
simulations is that the motion of "particles" is immediately arrested when they contact 
the base. In such simulations the heap dynamics are purely geometric; however the 
above study shows that this premise is at odds with experimental evidence. 
In contrast, in the present study the heap offers relatively little resistance to impact. 
Because the elements are disk -shaped, "point" contacts predominate (although this is a 
somewhat misleading term since particles are allowed to overlap). The two-
dimensionality of the simulations probably accentuates the ease with which particles 
can be dislodged. Two strategies were devised to reduce the effects of impact and 
allow segregation to be analysed: pouring onto an inclined plane and reducing the 
density of the larger particles. These simulations revealed varying degrees of bulk 
segregation but no stratification. Larger particles tended to congregate at the edge of 
the heaps but did not form layers along the free surfaces. This was because they were 
dislodged by other particles moving down the free surface (see Figure 8.13). As 
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(a) 
(b) 
... 
Figure 8.13: Coarse particles in contact with the supporting substrate are easily 
dislodged by others traversing the free surface of the heap. This prevents f2 layer of 
coarse particles forming and tends to give bulk segregation rather than stratification 
which might otherwise be possible. 
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discussed in Chapter 6, varying the coefficients of friction between particles and 
surface did not greatly assist in arresting motion along the supporting surface and so 
the angles of repose of the heaps in the simulations tended to be rather low. 
Nevertheless, a range of observations on segregation behaviour were made despite 
these limitations. The simulations are divided into three categories: free pouring to 
. form a heap, pouring onto an inclined plane, and simulations with varying density of 
ｬ｡ｾｧ･ｲ＠ particles . 
. 8.4.1. Free poun"ng to form a heap 
8.4.1.1 Effects of particle-particle interactions and fill rate 
A number of simulations were performed using a binary mixture with size ratio 3:1 in 
order to assess the effect of particle-particle interaction model on segregation 
behaviour, as outlined in Table 8.3. 
Segregation was quantitatively compared by subdividing the poured heaps into a 
number of equal-width regions and measuring the area fraction of coarse particles in 
･｡｣ｾＮ＠ The results are shown in Figures 8.14(c) .and 8.15(c) for the linear spring and CI 
simulations respectively. The solid line represents the average coarse fraction in the 
feed -.·deviation of the data about this line indicates segregation ｩｾ＠ the heap. 
interaction Model Average fill rate (particles per Snapshot of 
reduced time unit) heap 
Linear spring, k=5000 29.3 Fig. 8.14 (a) 
Linear spring, k=20000 15.1 Fig. 8.14 (b) 
CI, n=36 48.8 Fig. 8.15 (a) 
CI, n=72· . "44.3 Fig. 8.15 (b) 
Table 8.3. Simulations of free poun"ng of a 3:1 size ratio binary mixture 
The results show that there was a very limited degree of segregation in these 
simulations; capture of large particles by the growing heap predominated. The 
particle-particle interactions have a significant effect on the flowability of material 
hence the average fill rate. In tum, this appears to influence segregation. In the CI 
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Figure 8.14: Freely poured heaps of a binary mixture with size ratio 3:1. 
Key: (a) linear spring interaction, k=SOOO; (b) linear spring interaction, k=20000; 
(c) coarse fraction distributions for the two heaps 
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Figure 8.15: Freely poured heaps of a binary mixture with size ratio 3:1. 
Key (a) continuous interaction, n=36; (b) continuous interaction, n = 72; 
(c) coarse fraction distributions for the two heaps 
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simulations, the particle-particle interactions are relatively soft and the mixture flows 
readily. As a result, the heaps have a rather low angle of repose and there is negligible 
segregation. In contrast, for the linear spring simulations (where the interactions are 
rather stiffer), there is a small degree of segregation, with a lower than average coarse 
fraction in the very centre of the heap and higher coarse fractions towards the edges. It 
appears that stiffer particle-particle interactions serve to increase segregation 
(marginally in this case). Stiffer interactions mean that particles in the growing heap 
are dislodged less readily by the impact of the feed stream, thus capture is less likely 
. and there is a higher propensity for segregation. 
8.4.1.2. Effect of size ratio 
Figure 8.16 shows freely poured heaps of a 5:1 size ratio binary mixture for linear 
spring simulations with k=5000 and k=20000. One would expect segregation to 
increase with size ratio, but in this case the heaps are rather flatter than for the 3:1 
binary mixtures, due to the increased mass and hence impact of the coarse particles, 
and there is negligible segregation of the two phases. 
8.4.1.3. Effect of drop height 
In an attempt to minimise the effects of impact due to free-fall height, a simulation of 
a 3:1 size ratio binary mixture was performed where the feed hopper was initially 
positioned just above the base and was made to rise with the growing heap throughout 
the simulation, so that added material fell through a minimal distance before 
impacting on the heap. The results were compared with the same conditions (linear 
spring, k=20000) for the original fill height; see Figure 8.17a and 8.17b. 
There appears to be little overall difference in the segregation patterns for the two 
simulations -in both cases the heaps are relatively well mixed. The two close-ups of 
part of the heap for the minimised drop height simulation in Figures 8.17c and 8.17d 
help to illustrate that segregation partly depends on what happens to particles 
immediately after they enter the heap. Towards the centre of the heap there is a 'dead 
zone'; particles do not move after becoming trapped in this zone. In contrast, the 
particles near the free surface are free to move down the free surface as the simulation 
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Figure 8.16: Freely poured heaps of a binary mixture with size ratio 5:1. 
Key (a) llnear spring interaction, k=SOOO; (b) llnear spring interaction, k =20000; 
(c) coarse fraction distributions for the two heaps 
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(c) 
(e) 
(a) fixed drop height 
(b) minimised drop height 
(d) 
Figure 8.17: Freely poured heaps of a binary mixture with size ratio 3:1. 
Linear spring interaction, k=20000 
Key: (a) fixed drop height; (b) hopper moved so that drop height is minimised 
(c) & (d): consecutive snapshots of part of the heap in simulation (b) 
(e) time-averaged velocity profile for the heap between the points shown in (c) and (d) 
Page 206 
Segregation in poured heaps 
progresses, and there is a general drift of the larger particles towards the highest strain-
rate region at the free surface, as would be expected under a percolation-type 
mechanism. Thus it seems that the position of coarse particles on leaving the hopper is 
important for their ultimate rest position. Those particles exiting the hopper near the 
centre of the orifice are likely to become embedded in the 'dead zone' soon afterwards 
and there is no further possibility of them segregating from the fines in this region. In 
contrast, particles leaving the hopper towards the orifice edges are likely to be 
involved in avalanches down the free surface and so will progress to the edges of the 
. heap. 
8.4.1.4. Effects of avalanching on segregation 
The nature of the avalanches down the free surface also appears to have consequences 
for segregation. When the impact of the feed stream on the heap is high, particles 
avalanche down the free surfaces almost continuously; under lower impact conditions, 
the· avalanches are more discrete in nature. Continuous avalanching is often 
understood to be a reason for the suppression of segregation under high impact 
conditions, because of near plug-flow conditions in the avalanching regions. However, 
discrete avalanches can also show plug flow. Figure 8.17 e shows the time-averaged 
velocity profile for the heap, over the period between the two snapshots in Figures 
8.17 c and 8.17 d. The length of the lines in 8.17 e is proportional to the time-averaged 
velocity (dots represent negligible velocities over the period). As can be seen there is 
fairly uniform flow down the free surface with little evidence of a strain-rate gradient 
across the region. There is a clear boundary between the 'active' zone near the free 
surface and the 'dead' zone at the centre. 
Thus it appears that even for this low impact case, there is a quite low propensity for 
segregation, both in that many of the incident particles will quickly become trapped in 
the 'dead' zone at the centre of the heap, and that there is a weak strain-rate gradient 
across the avalanching region, resulting in slow drift of coarse particles in that region 
towards the free surface itself. 
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8.4.2. Pouring onto an inclined plane 
The above results show that segregation of two-dimensional disks in free pouring is 
rather unlikely. Segregation would possibly be more visible if very large heaps were 
poured, so that the impact of the feed stream was reduced relative to the total size of 
the heap. It may be the case that finite-size effects have considerable influence and 
that the simulations represent an initial transient phase of heap formation. However, 
computational limitations prevented the modelling of much larger systems . 
. It was found that pouring the material onto an inclined plane rather than a flat surface 
increased the resistance of the assembly to impact. This allowed a systematic analysis 
of parameters such as size and density ratio, feed rate, drop height and particle-particle 
interaction model on segregation, whilst maintaining a realistic feeding mechanism 
and restricting the total mixture size to manageable proportions. 
A range of simulations were performed in which binary mixtures were poured onto a 
rigid plane inclined at 45° to the horizontal. These simulations used the linear spring 
interaction model since this produced greater degrees of segregation than the 
continuous interaction, giving results more closely resembling experiments. These are 
summarised in Table 8.4, in which each entry refers to a series of four simulations at 
varying fill rates for the given conditions. Snapshots of the heap and distributions of 
coarse fraction are illustrated as given in the Table. 
Size ratio Interaction model snapshots coarse fraction 
distributions 
2:1 k=5000 Fig.8.18 Fig.8.23 (a) 
3:1 k=5000 Fig.8.19 Fig.8.24(a) 
5:1 k=5000 Fig.8.20 Fig.8.25 
2:1 k=20000 Fig.8.21 Fig.8.23(b) 
3:1 k=20000 Fig.8.22 Fig.8.24(b) 
Table 8.4: Summary of simulations of pouring onto a 45° inclined plane 
8.4.2.1. Effect of fill rate 
For all size ratios and interaction parameters, the degree of segregation decreased with 
increasing fill rate. The snapshots for a 3:1 size ratio mixture (Figures 8.19 and 8.22) 
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show that there was an effective depletion region for coarse particles towards the feed 
end of the heap. Further away from the feed, the heap had a much lower local angle of 
repose. This region appeared to act as a buttress for the depletion region, and coarse 
particles were distributed fairly evenly throughout. However, Figures 8.19c and 8.19d 
show that this buttress support was broken if the feed rate was sufficiently high, 
.leading to a near-constant (quite low) angle of repose across the whole structure, and a 
m<?re homogeneous distribution of coarse particles . 
. 8.4.2.2. Effect of interaction parameters 
The stiffness of particle-particle interactions strongly influenced segregation. 
Simulations for which k=20000 showed more marked segregation at the same size 
ratio and feed conditions than those for which k=SOOO. As outlined above, this was 
due to the enhanced flowability of mixtures with soft interactions and the increased 
. . 
resistance to impact of mixtures with stiff interactions. In particular there was more 
effective "depletion" of coarse from the region of the heap nearest the feed when there 
were stiff interactions in the mixture. 
8.4 .. 2.3. Effect of size ratio 
Comparing the snapshots for the three size ratios (Figures 8.18, 8.19 and 8.20) shows 
that tJ;le overall degree· of segregation increases with size ratio .. However, the coarse 
fraction distributions reveal that the size ratio effect is more pronounced for stiffer 
partiCle-particle interactions ·(Figures. 8.23b and 8.24b) than softer interactions 
(Figures 8.23a, 8.24a and 8.25). Stiffer interactions mean that there is generally more 
propensity for the mixture to segregate, thus it is unsurprising that the size ratio effect 
is enhanced. 
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(a) 
(b) 
(c) 
(d) 
Figure 8.18: Heaps formed by free pouring of binary mixture size ratio 2:1 onto a 45° 
inclined plane at van·ous rates. Key: (a) 13.8 particles I time unit, (b) 15.5 particles I 
time unit, (c) 31.0 particles I time unit, (d) 41.3 particles I time unit. 
Interaction model: Linear spring, k = 5000 
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(a) 
(b) 
(c) 
(d) 
Figure 8.19: Heaps formed by free pouring of binary mixture size ratio 3:1 onto a 45° 
inclined plane at various rates. Key: (a) 13.0 particles I time unit, (b) 14.6 particles I 
time unit, (c) 31.0 particles I time unit, (d) 41.3 particles I time unit 
Interaction model: Linear spring, k = 5000 
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Figure 8.20: Heaps formed by free pouring of binary mixture size ratio 5:1 onto a 45° 
inclined plane at various rates. Key: (a) 9.4 particles I time unit, (b) 9. 7 particles I 
time unit, (c) 10.8 particles I time unit, (d) 31.1 particles I time unit 
Interaction model: Linear spring, k = 5000 
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(a) 
(b) 
(c) 
(d) 
Figure 8.21: Heaps formed by free pouring of binary mixture size ratio 2:1 onto a 45° 
inclined plane at various rates. Key: (a) 11.3 particles per reduced time unit (t,), 
(b) 13.0 particles pert, (c) 14.6 particles pert,, (d) 17.7 particles pert, 
Interaction model: Linear spring, k = 20000 
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(a) 
(b) 
(c) 
(d) 
Figure 8.22: Heaps formed by free pouring of binary mixture size ratio 3:1 onto a 45° 
inclined plane at various rates. Key: (a) 11.3 particles I time unit, (b) 12.4 particles I 
time unit, (c) 14.6 particles I time unit, (d) 16.5 particles I time unit 
Interaction model: Linear spring, k = 20000 
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Figure 8.23: Distributions of coarse fraction 
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Key: (i) Simulations with linear spring (k=SOOO) as illustrated in Figure 8.18 
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Figure 8.24: Distributions of coarse fraction 
across the heaps for size ratio 3:1 and plane angle 45° 
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Key: (a) Simulations with linear spring (k=SOOO) as illustrated in Figure 8.19 
(b) Simulations with linear spring (k=20000) as illustrated in Figure 8.22 
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Figure 8.25: Distributions of coarse fraction 
across the heaps for size ratio 5:1 and plane angle 45° 
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Key: (i) Simulations with linear spring (k=5000) as illustrated in Figure 8.20 
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8.4.2.4. Effect of free-fall height 
A 2:1 size ratio binary mixture was poured from a greater height in the series of 
simulations illustrated in Figure 8.26. There was a reduction in segregation, most 
noticeably at the lowest fill rates. The depletion region for coarse particles was 
considerably reduced in width and there was little change in the local angle of repose 
at the edge of this region (compare Figs.8.26a,b and 8.18a,b). For higher fill rates 
there was little difference in the segregation for the two drop heights . 
. The effect of free-fall height was also tested ｦｯｾ＠ a more heavily segregating system, 
i.e., a mixture of size ratio 3:1 and a linear spring interaction with k=20000 (Figure 
8.27). Comparison of the coarse fraction distributions for conditions identical other 
than free-fall height (Figure 8.27c) shows that there was a more even distribution of 
coarse throughout much of the assembly than previously, however the depletion 
region for coarse towards the feed end remained largely unaltered. 
8.4.2.5. Effect of plane angle 
Figures 8.28 and 8.29 show heaps formed by pouring a 3:1 size ratio binary mixture 
(k=20000) onto planes inclined at 45°, 30° and 20° to the horizontal, for slow and fast 
filling respectively. The coarse fraction distributions are illustrated in Figure 8.30. 
There is little difference between the results for the 45° and 30° cases, except that in 
the latter case a few coarse particles are captured at the upper end of the structure. This 
occurred towards the end of the simulation when the supporting structure was 
sufficiently rigid to allow flattening of the free surface at the upper end. Overall, there 
is little difference in segregation with varying angle of inclination of the plane. The 
results for the 20° plane are most interesting since this is ｣ｬｯｳｾ＠ to the natural angle of 
repose of the mixture. Thus, the plane marks the transition between the rigid interior 
of the 'heap' and the boundary layer in which segregation may take place. The results 
show a marked difference in segregation with feed rate. Discounting the captured 
particles at the upper end, which would be on the right-hand free surface of a freely 
poured heap, there is much more effective depletion of coarse in the slow feeding 
case. This finding supports the principle that feed rate is of crucial importance for 
segregation. 
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Figure 8.26: Heaps formed by free pouring of binary mixture size ratio 2:1 onto a 45° 
inclined plane at various rates (increased drop height). Key: (a) 13.8 particles I time 
unit, (b) 15.5 particles I time unit, (c) 31.0 particles I time unit, 
(d) 35.4 particles I time unit. Interaction model: Linear spring, k = 5000 
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(a) 
(b) 
(c) 
Figure 8.28: Heaps formed by free pouring of binary mixture size ratio 3:1 onto plane 
inclined at various angles; slow feeding. Key: (a) 45°, (b) 30° (c) 20° 
Interaction model: Linear spring, k = 20000 
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(a) 
(b) 
(c) 
Figure 8.29: Heaps formed by free pouring of binary mixture size ratio 3:1 onto plane 
inclined at various angles; fast feeding. Key: (a) 45°; (b) 30°; (c) 20° 
Interaction model: Linear spring, k = 20000 
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Figure 8.30: Coarse fraction distributions for pouring of a 3:1 size ratio binary 
mixture (k=20000) onto an inclined plane. Key: (a) 45° and 30° planes, slow and fast 
pouring; (b) 20° plane, slow and fast pouring 
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8. 4.3. Simulations with modified particle densities 
The impact of the feed stream, particularly of the coarse particles because of their high 
"mass", has a major influence on capture and hence segregation. In an attempt to 
reduce the impact effect of large particles, a range of simulations were performed 
where all particles were ascribed equal mass irrespective of their size. Previously, the 
"mass" of a particle scaled as its area, more precisely as the square of the particle 
diameter. Thus, the effective "density" of the larger particles was reduced in this series 
of simulations. 
8.4.3.1. Free pouring 
Simulations of the free pouring of a binary mixture of equal-mass particles are 
illustrated in Figure 8.31. For both size ratios of 3:1 and 5:1, there was very effective 
segregation of the two species, with only a few coarse particles being captured by the 
heap in each case. The snapshots show the beginnings of formation of layers of coarse 
on the free surfaces. The heaps may well have begun to show stratification had the 
motion of the coarse particles traversing the free surface been effectively restrained 
once they came into contact with the supporting substrate. This is convincing evidence 
to illustrate that stratification is likely if the impact of the feed stream on the heap is 
rather low. 
Two large-scale simulations (20000 particles) were performed of pouring multi-
component granular mixtures into a storage vessel, as shown in Figure 8.32. The 
particle size distribution in these simulations was a simplification of that for the borax 
pentahydrate used in the experiments in section 8.1, containing six size fractions 
varying in size from 1 to 9.2 reduced length units. The two snapshots refer 
respectively to simulations where the particles have equal mass irrespective of their 
size and where the particle mass scales as the square of the particle diameter. Size 
separation is considerably enhanced in the former case; there are very few very large 
particles in the centre and no fines at the edges, whereas the mixture in the latter is 
much more homogeneous across the heap. Assigning equal masses to particles of 
different size is clearly unrealistic, as is the structure of the 'heap' in Figure 8.32a. 
Nevertheless, the simulations show a strong sensitivity to impact effects. 
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Figure 8.31: Freely poured heaps of a binary mixture where particle densities 
adjusted such that all particles had equal mass. 
Key: (a) size ratio 3:1; (b) size ratio 5:1; 
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Figure 8.33: Simulations of binary mixtures (size ratio 2: 1) poured onto a 45° 
inclined plane at various rates. The density of the coarse particles was reduced such 
that all particles had equal mass. Key: (a) slowest fill rate; (d) fastest fill rate. 
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Figure 8.34: Simulations of binary mixtures (size ratio 3: 1) poured onto a 45° 
inclined plane at various rates. The density of the coarse particles was reduced such 
that all particles had equal mass. Key: (a) slowest fill rate; (d) fastest fill rate. 
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8.4.3.2. Pouring onto an inclined plane 
Two series of simulations for which the coarse particles were reduced in density are 
illustrated in Figures 8.33 and 8.34, for size ratios of 2:1 and 3:1 respectively. As can 
be seen, there is considerable segregation in these simulations, even for conditions in 
which limited segregation might be expected: modest size ratio mixtures and/or high 
fill rates. Especially for the 3:1 size ratio mixtures, there is effectively total 
segregation of the mixture even when the feed rate is relatively high and thus the 
resulting heap structure is quite shallow. Note that the simulations were terminated 
. before the assemblies reached a completely stable state, nevertheless the segregation 
patterns in the heaps are clear. 
8.5. Concluding Remarks 
The experiments and simulations presented in this Chapter both point to the fact that 
segregation is less sensitive to mixture properties and more sensitive to engineering 
parameters than is apparent from much of the literature on the subject. Furthermore, 
mixture properties must be considered carefully; it has been shown that differences in 
the angle of repose of species in a mixture are insufficient in themselves to 
characterise the mixture in terms of segregation. One must also take into account the 
magnitudes of the angles of repose (i.e., the degree of 'bulk cohesion' within the 
species) and the relative proportions of different species in the mixture. However, the 
main finding of this study is that the way heaps are formed has a stronger influence on 
segregation than any other factor. 
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Chapter 9 Conclusions and Future Work 
9.1. Principal Results and Conclusions 
An extremely wide-ranging and diverse community, incorporating the materials, 
geotechnical, physics, mechanics, mathematics, civil and chemical engineering 
communities are involved in the study of granular materials and heap formation. This 
is laudable in that it gives rise to the development of novel techniques for analysis, but 
. poses a problem in that the vast literature in the field often illustrates a distinct lack of 
coherence and mutual awareness. Much work has concentrated on novel, non-invasive 
experimental techniques. The value of this work would undoubtedly be enhanced if 
further effort was expended in the simulation community, producing results in the 
form of microstructural properties of granular media which can be compared more 
directly with the results of these experiments. 
Numerical simulations form an ever-increasing proportion of the total research effort 
in the field. The underlying outcomes of this study are two-fold. It has been shown 
that the specific choices of discrete element technique and of interaction model form 
are vital for realistically reproducing many of the important characteristics of granular 
media. Furthermore, the evidence suggests that this observation has perhaps not been 
fully appreciated in the community as a whole. This is perhaps due to the still-
prevalent reliance on bulk, not microstructural, properties as the basis for comparing 
experiments and simulations. However, as this dissertation shows, bulk properties 
characterise granular media rather poorly. 
In the past, great significance has been attached to the angle of repose taken up by 
poured or drained granular material. Whilst this is the most obvious engineering 
property of a poured granular assembly, this study has shown it to be quite insensitive 
to properties of the individual particles and therefore of severely limited usefulness as 
a predictor of material behaviour for industrial process design. Certain microstructural 
properties of granular heaps have been found to be much more sensitive to particle 
properties than the angle of repose. Whilst much debate in the literature has centred 
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around phenomena such as the apparent dip in stresses on the central part of the base 
supporting granular heaps, in this study such phenomena were only found under 
highly idealised simulation conditions. 
On the basis of a series of experiments, a tentative physical model was proposed for 
the kinetics of stratification and segregation of differently sized and shaped species in 
poured granular mixtures. This model maintains that process conditions are of greater 
significance and material properties of lesser significance for segregation than seems 
. to be the case in much of the literature to date. The importance of process conditions 
("impact") was confirmed in a series of granular dynamics simulations of segregation. 
9.2. Future Directions 
If numerical techniques are to remain at the heart of research into granular media, and 
ever-improving computational capabilities and the popularity of numerical methods 
make this seem almost certain, then continual refinement of these techniques is vital in 
an attempt to improve their respectability in an industrial context. Two distinct stages 
of development stand between the current state of understanding in granular physics 
and the employment of truly realistic numerical simulation techniques on the scale of 
industrial bulk solids handling processes. Each stage involves linking the different 
lengthscales mentioned in Chapter 3. 
1. Linking the microscopic to the mesoscopic: It is clear that fundamental 
understanding of particle-particle interactions at the scale of the particle size is 
lacking. Whilst there are exact numerical solutions for the point contact of elastic 
spheres, this is only realistic at a lengthscale below that of the particle diameter. This 
dissertation has demonstrated that certain "effective" mathematical forms of 
mesoscopic particle-particle interaction model are useful in reproducing important 
characteristics of granular media. However, it is not really known why this is the case. 
In the present study, only repulsive interaction potentials predominantly describing the 
effects due to "effective" particle shape (see section 5.3.1) are considered. More recent 
work in progress for industry (Baxter and Tiiziin 1998) has demonstrated the use of 
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attractive/repulsive potentials to include the effects of surface forces observed with 
fine powders. It is also possible to model the hydrodynamics of particle-fluid 
interactions using converging/diverging attractive/repulsive potentials, which can be 
derived from the recently-developed "smooth particle hydrodynamics" (SPH) 
technique (see Monaghan and I<ocharyan 1995, Monaghan 1997). SPH is an exciting 
. new fully-Lagrangian computational technique dealing with two-phase flow. 
Regardless of the complexity of the physics introduced into the models (e.g., non-
spherical particle shape, particle surface forces, fluid drag) it is important to realise 
. that the so-called "long-range connectivity" in bulk granular systems is only realised 
using mesoscopic interaction potentials. These scale by the nominal particle size and 
the range of interaction between adjacent particles in the assembly extends far beyond 
surface detachment. 
Micro-contact mechanical algorithms coupling friction with contact loads at the scale 
of contact area cannot provide the experimentally observed connectivity in particulate 
assemblages during sustained shear and/or compaction. The predominant reason for 
the apparent failure of the Hertz/Hooke driven models to account for long-range 
coz:tnectivity is their inability to provide ･ｮｾｵｲｩｮｧ＠ "contact engagement" between 
particles, that is, to account for the fact that particles are embedded in a local matrix 
and that this matrix has an effect beyond the separation of ｮｾｭｩｮ｡ｬ＠ contact surface 
engagements. With non-deformable rigid particles of high elastic modulus, 
interactions are essentially very stiff, resulting in isolated particle pair interactions 
within the assembly, giving little apparent evidence of a systematic process of 
assembly evolution accompanying macroscopic flow. In the limit of high contact 
rigidity, one reaches the collisional regime :where "contacts". as such are disallowed, 
being replaced by harsh, essentially instantaneous, collisions. Whilst collisional 
dynamics is a useful and interesting area of particulate media research in its own right, 
it is patently unsuitable for quasi-static "slow shearing" granular flows such as in heap 
formation. 
A potentially very profitable avenue of investigation in dealing with the awkward 
problem of particle shape effects is to use the method of constraints (Figure 9.1). In 
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this technique, individual particles are "macromolecules" made up from a number of 
smaller elements. Interactions between the sub-elements are calculated in the usual 
way, except that the motions of individual elements are constrained so as to maintain 
the form of the "macromolecule". A further advantage is that this allows the direct 
simulation of face-to-face and face-to-point interactions between rough and angular 
particles as the combination of a number of near-point contacts between sub-elements. 
Figure 9.1: The method of constraints. The assembly is made up of different 
"macromolecules'' (different colours) within which the individual elements interact 
and move normally, except that they are 
constrained to maintain the overall form of the macromolecule 
The Figure illustrates the simplest case of hollow particles in two dimensions; surface 
topography may be reflected in sub-elements of differing size on the particle surfaces. 
Particularly if the process being modelled involves attrition or comminution, it may 
prove necessary to construct solid particles in the simulations. The complexity of the 
constraint dynamics obviously has computational implications, and will be further 
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increased in three dimensions. Nevertheless, the ever-increasing power of digital 
computers is bringing such techniques into scope. Judicious use of interaction models 
and efficient computational techniques should allow at least a start on the use of 
constraint dynamics to be made in the very near future. Work in this area is already 
underway at the University of Surrey, running in parallel with efforts to establish 
mesoscopic interaction models on a firmer theoretical basis than is currently the case. 
2. Linking the mesoscopic to the macroscopic: Assuming that effective mesoscopic 
. interaction models can be derived on the above basis, there remains the problem of 
implementing this knowledge on an industrial scale. As mentioned previously, current 
computational limitations restrict the use of discrete element methods to scales several 
orders of magnitude smaller than in reality. Scale-up might most fruitfully be achieved 
by using DEMas a means of developing constitutive equations and parameters for use 
in the much more computationally efficient finite element methods, especially where 
parameters are difficult to determine by direct experimental means. Further work in 
this area should be undertaken to fully utilise the power of the granular dynamics 
technique. The vast range of parameters (velocities, voidages and stresses) which are 
obtainable routinely from GD simulations should be fully utilised as the basis for 
statistical treatments of quasi -static and flowing granular assemblies. This also allows 
firmer links to be established between simulations and novel experimental techniques, 
as has been demonstrated for the measurements of "microturbulence" and hence 
segregation in hopper flows by Nikitidis et.al (1997). Such links are vital for the 
further evaluation and evolution of simulation methods, since as shown in this study, 
bulk properties of granular media are rather insensitive to the dynamics at the particle 
scale and therefore are of limited evaluative use. Further work in this area is underway 
at the University of Surrey, which should give rise to a vastly improved understanding 
of the mechanics of granular media and heap formation. 
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Appendix A Neighbourhood lists I bookkeeping techniques 
Al. Introduction 
Research in molecular and granular dynamics (for overviews of MD research, see 
Allen & Tildesley 1987 and Haile 1992) has shown that the vast majority of the total 
computational effort of a MD/GD simulation is expended in the computation of forces 
between particles. This overhead depends on the total number of possible interactions 
. between particle pairs. In a simulation of N particles, in general there are N(N .. l)/2 
possible pairwise contacts, i.e. an N2 dependence of the total number of contacts, if it 
is assumed that every particle can interact with every other. Hence, the total 
computational overhead is approximately proportional to N2• However, the particles in 
most pairs are far too remote to interact. It is possible to reduce the dependence from 
N2 toN by accounting for the fact that a particle can only interact with others near to 
it. The number of near-neighbours per particle is, of course, independent of N, and so 
the total number of contacts is approximately proportional to N not N2• 
For example, consider a two-dimensional granular dynamics simulation. Assume that 
the total sample size N=20,000 elements, and that each particle has six neighbours, as 
for the closest regular packing of monodisperse disks. Assume that all CPU overheads 
other than in the calculation of forces can be neglected, and that there is unit CPU 
overhead per pairwise contact. For the 'brute force' approach, the total overhead per 
time-step is N(N-1)/2 = 2x108 units. However, there are in fact only six contacts per 
particle, and so the total overhead need only be 6N/2 = 6x104 units. For this highly 
idealised example, recourse to special programming techniques reduces the overall 
overhead by over three orders of magnitude. 
The near-neighbours of particles in the assembly must be monitored using a form of 
book-keeping scheme. The following sections describe the development of the scheme 
used in the present study, from the basic implementation used at the first stages of 
model development, through to a novel efficient approach for dealing with systems 
where there is a wide difference in particle sizes. 
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A2. Neighbour table (NT) method 
In the basic NT method, a list of the near-neighbours of all particles is periodically 
updated. In the time-steps between updates of the list, the only particle pairs 
considered are those in the neighbour table. In computational terms, the list could take 
. the form of a two-dimensional array of size N x Nc, where N is the number of 
particles and Nc the number of neighbours per particle. However, it emerges that the 
list can be represented much more efficiently in the form of a long one-dimensional 
. array. Pointers to this array are stored in a second one-dimensional array. The 
arrangement Is best illustrated by example. 
Suppose the neighbour table itself is contained in the array LIST and the pointer array 
is called POINT. The cell POINT(i) records the position in LIST of the first recorded 
neighbour of particle i in the simulation. Similarly; the cell POINT(i+l) records the 
position in LIST of the first recorded neighbour of particle i+ 1. Thus, all neighbours 
of particle i are recorded in LIST in positions defined by the pointers POINT(i) and 
POINT(i+l), as illustrated in Figure Al. The simulation makes use of Newton's third 
la'Y in that each pairwise contact is ｯｮｬｹﾷｲ･｣ｯｾ､･､＠ once. If a particle i is found to be a 
neighbour of partielej, this is only included in the list if i<j. 
Then, over the following time-steps, the list is used for evaluating the forces between 
particles. The . neighbours of. particle i are the contents of the array LIST between 
elements POINT(i) and POINT(i+ 1).:.1 inclusive. If particle i has no neighbours, 
POINT(i+ l)=POINT(i), and the loop is executed zero times. The NT must obviously 
be updated periodically as the particles move. However, . without use of the NT 
method, the procedure must effectively be carried out every time-step; clearly, use of 
the NT is more efficient. The procedure for update is as follows. 
Particles are included in the NT if their centres are within a distance r0 of the centre of 
the reference particle, where r0 is greater than the outer limit of interaction range, rc. 
The list must be updated before it is possible that a particle, not initially in the 
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Appendix A 
neighbour table of another, can move into the range for interaction with the latter. 
Hence, the list is updated when any particle has covered some proportion z of the 
distance (r0 -rc). The proportion z must be such that no particle is displaced by more 
than (l-z)(r0 -rc) in a single time-step. The value of r0 is subject to choice by the 
modeller; there is a balance between the number of neighbours and the frequency with 
which the list is updated. If r0 is only a little greater than rc, each particle will have 
relatively few neighbours, but the list has to be updated ｦｲ･ｱｵ･ｮｴｬｹｾ＠ ·A large value of r0 
means that the list is updated relatively infrequently, but there are a large number of 
. neighbours (hence more calculations in every intervening time-step). 
At the stage in this work when the basic NT method was employed, a number of 
values of r0 were used. For an interaction range of rc=l.2cr, the simulation was found 
to be most CPU-efficient with a value of r0=1.8cr. The list was updated whenever any 
particle traversed more than 50% of the distance (r0-rc), i.e. 0.3a. The basic NT 
method results in large savings of CPU time; tests carried out on systems of a few 
hundred particles suggested that CPU overhead was apprpximately a full order of 
magnitude less than for simulations without special programming. 
A3. Zoning method 
As the total size of the system increases, the basic NT method becomes progressively 
less efficient, for two main reasons. Firstly, the neighbour list becomes very large. 
More importantly, however, the efficiency of the update stage is adversely affected. 
This is because every pair has to be tested each time the table is updated. In MD, this 
is often avoided by use of a zoning method. 
The particle flow field is divided into cells (zones), and the particles are placed in a 
single cell according to the position of their centre of mass. This is a relatively cheap 
operation in computational terms, and can be carried out every time-step. Then, the 
'sweep' for neighbours of a given particle is reduced to the cells immediately adjacent 
to that particle. As shown in Figure A2, the sweep for a given particle covers nine 
zones (in 2D). Thus, the number of pairs to be checked is much smaller than the 
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N(N-1)/2 for techiques without book-keeping. Use of the basic zoning method makes 
the neighbour table redundant. The relatively small numbers of pairs to be checked 
(depending on the zone size - see the following section), and the fact that the re-
assignment of zones is computationally efficient and can be carried out every time-
step, means that no further provision is necessary. 
However, complications caused by the nature of the particle-particle interaction model 
meant that a hybrid of the neighbour table and zoning schemes was necessary, as is 
. described in the following section. 
A4. Cell-neighbour table (CNT) method 
The basic zoning method, as described in the previous section, is inappropriate for the 
present study. Under this scheme, no information is carried from time-step to time-
step; the procedure for locating particles in zones and finding neighbours is carried out 
independently in each time-step. However, the frictional algorithm used in this work 
(Section 4.5) demands that information regarding individual contacts, in the form of a 
contact displacement, is carried from one time-step to the next. 
The result is that a form of neighbour table is an essential aspect of the strategy. In 
parallel to the neighbour table, a table of individual contact displacements is also 
maintained. Within the scheme, the assignment of particles to zones occurs 
periodically, not every time-step as in the basic zoning method. At the same time, a 
neighbour table for each particle is generated, consisting of those particles in zones 
adjacent to that of the reference particle. Within the following time-steps, contacting 
pairs are found by considering each pair in the neighbour table, as in the basic NT 
method, and displacements for evolving frictional contacts are stored in a parallel 
table. The scheme is an efficient approach for the handling of contact displacements. 
The neighbour tables are rather large, but the update stage is as efficient as possible. 
As is also the case for the basic zoning method, the size of the zones is an important 
parameter in the CNT method. Two conditions must be satisfied: 
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" Particles in or near interaction range must be in directly adjacent zones, therefore 
considered as a potentially interacting pair. 
• The zone and neighbour tables must be re-formulated before two converging 
particles, initially separated by more than one zone, move into interaction range. 
Consider a 2D system with square zones, of side W z, where the outer range of 
interaction between two particles is rc (Figure A3). The centres of two particles, 
initially not in adjacent zones, are at least Wz apart. The minimum relative 
. displacement of the two particles so that they move into interaction range (if they 
directly converge on each other) is (W z-rc). This implies that at least one of the grains 
has been displaced by (Wz-rc)/2. Thus, the lists are updated whenever any particle in 
the assembly has been displaced by (Wz-rc)/2 since the previous update. In practice, 
the maximum displacement for updating of the lists was somewhat less than (Wz-rc)/2. 
Much as for the size of the 'shell' in the basic NT method, the value of W z is subject 
to choice by the modeller. There is a balance between the size of the zone (hence the 
number of potential neighbours of a given particle) and the frequency with which the 
tables must be updated. For the original formulation of the CNT method in this work 
the grains were near-monodisperse with a maximum particle diameter of o and an 
interaction range rc of 1.2o. A value of Wz=2.0o was found to be most efficient, 
giving a maximum single-particle displacement before update of 0.4o. 
AS. CNT method for widely polydisperse systems 
Thus far, the analysis of book-keeping schemes applies to near-monodisperse systems, 
where the largest and smallest grains in the assembly differ in size by a few percent. If 
there are large differences in particle size, considerable modifications are necessary, to 
avoid the need for very large zones, and hence large numbers of potential neighbours 
per particle. As a minimum, the zone size must be of the order of twice the largest 
particle diameter - if smaller zones than this are used, the need to frequently update the 
list would become more significant than the small zone size. For example, if the 
Page 252 
ｾ＠ ｾ＠ (!) N Ul
 
w
 
w
 z 
w
 z 
.
.
.
,.
_
 
.
 
-
-
-
-
·
 
.
.
.
,.
 _
_
 
-
-
·
 
i--
-----
-
-
-
-
-
-
-
-
T--
·
 -
-
-
-
1 
-
-
-
-
-
-
-
·
 
-
,
 
i 
i 
: 
,
 
I I 
r--
--
-
·
-
1
-
-
-
-
-
-
-
r
 
i 
-
-
-
-
1
 I 
(a)
 
: 
i 
I 
I 
I 
I 
' 
1·
-
-
-
-
·
 
-
' 
ｾ＠
I 
I 
.
 
-
-
-
I -
-
-
-
-
-
-
-
-
: 
i 
I 
-
-
-
-
-
-
-
l 
(b)
 
·
·
-
-
-
-
f ---
-
-
ａ｜ｾ＠
I 
! 
ｴＩｾ＠
,
 __ ｾ＠
! 
I 
I 
I 
! ... 
-
-
-
r 
-
-
-
·
 
-
_
_
_
 
_
_
_
 
j 
: 
II 
i 
·
-
-
-
ＭｾＭ
-
-
-
-
-
-
-
.
 
I r-
--
--
-
' 
I 
I 
I 
1 
i 
I 
I 
I 
: 
[_-
-
-
-
_
_
_
 
l_
 
ll 
i 
-
-
-
-
-
I 
-
-
-
-
_
 
.
 .
.
.
! 
I 
I 
l ____ 
l __
_
_
 _
_
l __
_
_
_
_
 
: 
Ce
ll-
ne
ig
hb
ou
r t
ab
le
 m
et
ho
d 
: 
cr
ite
rio
n 
fo
r u
pd
at
in
g 
o
f t
he
 li
st
. 
(a)
 tw
o 
pa
rti
cle
s 
w
ho
se
 c
en
tre
s 
ar
e 
in
itia
lly
 s
ep
ar
at
ed
 b
y 
jus
t o
ve
r 
W
z 
an
d 
he
nc
e 
ar
e 
no
t i
n 
ad
jac
en
t z
on
es
 
(b)
 th
e 
sa
m
e 
tw
o 
pa
rti
cle
s 
so
m
e 
tim
e 
lat
er
, h
av
in
g 
m
ov
ed
 w
ith
in
 in
te
ra
ct
io
n 
ra
ng
e 
(th
e c
en
tre
s 
ar
e 
Rc
 a
pa
rt).
 T
hi
s 
re
pr
es
en
ts 
a
 r
el
at
ive
 c
en
tre
-c
en
tre
 d
isp
la
ce
m
en
t o
f (W
z-R
c),
im
ply
ing
 th
at
 
at
 le
as
t o
ne
 o
f t
he
 p
ar
tic
les
 h
as
 b
ee
n 
di
sp
la
ce
d 
by
 (W
z-R
c)/
2 
Th
e 
lis
t i
s 
up
da
te
d 
w
he
ne
ve
r a
ny
 s
in
gle
 p
ar
tic
le
 is
 d
isp
la
ce
d 
by
 (W
z-R
c)/
2 
Fi
gu
re
 A
J. 
Cr
ite
rio
n f
or
 lis
t u
pd
at
e 
in 
ce
ll-
ne
ig
hb
ou
r t
ab
le 
bo
ok
-
ke
ep
in
g 
sc
he
me
 
I 
AnnendixA 
.... 
particle diameter varies between o and lOo, the zones need to be of the order of 
20crx20o. 
An efficient method was devised by abandoning one of the main underlying principles 
of the CNT method as described above - that a particle occupies only a single zone, 
. depending on where its centre of mass lies. Particles are instead recorded within a 
ｺｯｾ･＠ if any part of the particle lies within that zone. For maximum efficiency of the 
stage where particles are assigned to zones, each particle is assumed to occupy a 
. square box, side length equal to the particle diameter, with the centre of the box 
coincident with the centre of mass of the particle. Thus, the 'domain' of a particle i of 
diameter d(i) with centre of mass is at x(i)Jl(i), is given by {x(i)-lf2d(i): x(i)+lf2d(i), 
y(i)-lfzd(i): y(i)+I/zd(i)}. The presence of particle i is recorded in all zones which 
overlap this domain .. This is illustrated in Figure A4. 
The original zone size (2.0o squares) was maintained for the new implementation of 
the method. The criterion for update of the lists is the same as for the near-
monodisperse system described above, based upon the minimum possible interaction 
range for a pairwise contact, rmin· The lists must be updated before any particle is 
displaced by (Wz-rmin)/2. 
The zone lists are larger overall than for the monodisperse CNT method with a similar 
number of particles, since particle 'domains' are rarely confined to a single zone. 
However, this is more than compensated for by the fact that the zones are relatively 
small, hence the number of particles per zone and the number of potential neighbours 
to be checked is also relatively small. This is significant because the potential 
neighbours must be ch.ecked every time-step, whereas updating of the list occurs much 
less frequently. 
Tests of the technique revealed that the average interval between updates of the lists 
was approximately 25 time-steps. This is close to the optimum given by Allen and 
Tildesley (1987), reporting the molecular dynamics work of Thompson (1983), in 
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which the minimum computational overhead was seen for update frequencies of 10-30 
time-steps, depending on system size. 
A6. Neighbourhood bookkeeping: concluding remarks 
Calculating the centre-to-centre separations (and hence normal forces) between 
particles is by far the biggest computational overhead in a granular dynamics 
simulation. Book -keeping schemes are essential to minimise this overhead. The basic 
. neighbour table approach reduces the number pf particles considered as potential 
neighbours of a given particle in each time-step of the simulation, thus effectively 
reducing the relationship of the number of contacts to the system size from N2 to N. 
However, the stage where the list is updated is very inefficient. The cell-neighbour 
table method improves the efficiency of neighbour table updates, by minimising the 
size of the 'sweep' for potential neighbours each time the list is updated - reducing it 
from the whole system to the nearest particles. The novel implementation of the CNT 
method for widely polydisperse systems allows small zone ｾｩｺ･ｳ＠ and hence relatively 
low computational overheads during the simulation itself, at the cost of a slightly more 
complicated list updating scheme. 
Possible further improvements to the scheme should possibly concentrate on the 
efficiency of the list update stage. It is unlikely that significant further improvements 
can be made in reducing the number of 'potential neighbours' that have to be checked 
every time-step. However, the two are related; if the list update stage itself can be 
made more efficient, such that more frequent list updating can be carried out at no 
extra computational overhead, then the size of the zones anq hence the number of 
particles per zone can be reduced, thus improving the efficiency of the simulation in 
the periods between updates. 
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